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Abstract: In the present paper, we investigated the existence of normalized solutions for the following
Kirchhoff equation with Choquard nonlinearity

—(a + bf |Vu|2dx)Au — Au = plulu+ Ay * PP u, xeR?
R3

with prescribed mass fn@ uldx = ¢*, where a,b,c > 0,u € R, 2 € (0,3), £ <¢<6,3+%$<p<3+a
and A € R is a Lagrange multiplier. We first considered the case of u > 0 and obtained mountain pass
type solutions. For the defocusing situation 4 < 0, we proved the existence result by constructing a
minimax characterization for the energy functional. Finally, we discussed the asymptotic behavior of
normalized solutions obtained above as b — 0* when u > 0.
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1. Introduction and main results

In this paper we are interested in the following Kirchhoff equation with Choquard nonlinearity:
- (a +b f |Vu|2dx)Au — = T 2u+ Ly = ulP)ulP>u, xeR3 (1.1)
R3

under the constraint

f lul*dx = ¢, (1.2)
R3
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where a,b,c >0, u e R, 1 eR, ¢ €(0,3), 2 <g<6,3+%<p<3+a I, : RV\{0} — Ris the
Riesz potential defined by

Aa r N-a
()= = with A, = 165
| x| 2021(5)
The problem (1.1) is closely related to the equation
—(a+b f Vuldx)Au = f(x,u), (1.3)
R3
which is the stationary analog of the equation
Uy — (a + bf IVulzdx)Au = f(x,u), (1.4)
R3

where f(x, u) is a general nonlinearity. The problem (1.4) was proposed by Kirchhoff [1] as an extension
of the classical D’ Alembert’s wave equations for free vibration of elastic strings. In problem (1.4), u
denotes the displacement, the nonlinear term f is the external force, and a is the initial tension while b
is related to the intrinsic properties of the string. Mathematically, the problem (1.4) is often referred to
be nonlocal as the appearance of the term ( fR3 |Vul|*dx)Au, which depends not only on the pointwise
value of Au, but also on the integral of |Vu|, over the whole space. This phenomenon causes some
mathematical difficulties, which make the study of Kirchhoff type equations particularly interesting.

After the pioneering work of Lions [2], (1.3) began to receive much attention and many researchers
studied its steady-state model, see [3—6] for more important research progress. Some scholars have also
considered generalizations of fixed-frequency solutions for Kirchhoff equations. Gao et al. [7] studied
the nonlinear coupled Kirchhoft system with purely Sobolev critical exponent

{—(al + b, fRN IVulzdx)Au = o lul™2u + Flul*2ulf x e RY, (1.5)

~(az + by [ IVVPdx)AV = P2y + Z o2y x € RY,

where N > 3, a;,b; > 0,i = 1,2, uy,up,y > 0, and @ + 8 = 2*. They gave a complete classification
of positive ground states for (1.5) in any dimension 3 or 4. Sun et al. [8] extended the results to
the p-sub-Laplacians and obtained the multiple solutions. As to the case of bounded domains in RY,
Cabanillas [9] studied the global existence theorem and its exponential decay. In addition, Yang and
Tang [10] dealt with the nonlinear Kirchhoff problem with a sign potential

—(a+b | [Vuldx)Au+ V(xu = fu), xeR, (1.6)
R3

where b > 0 and the nonlinearity f € C(R,R) exhibits subcritical growth. By using a more general
global compactness lemma and a sign-changing Nehari manifold, they showed the existence of a least
energy sign-changing solution for » > 0 that is sufficiently small and established the asymptotic behavior

when b — 0.
Now there are two substantially different viewpoints in terms of the frequency A in (1.1). One is to
regard the frequency A as a given constant. In this situation, solutions of (1.1) are critical points of the

Communications in Analysis and Mechanics Volume 17, Issue 2, 317-340.



319

following functional

2 2
L(u) : = f VulPdx + - f Vuldx) - = f juPdx - & f Jul?dx
R3 2 Jge q Jr3
- f (L [ul”)ul" dx.
2p R3

Although this is not the concern of our present article, we still refer the readers to [11-14]. Naturally,
the other one is to regard A as an unknown parameter, which is exactly what our article is concerned. For
this case, standing wave solutions are required to possess a priori prescribed L2-norm, which also have
attracted widespread attention during recent years. These solutions are commonly called as normalized
solutions, which provide valuable insights into dynamical properties of stationary solutions, such as the
stability or instability of orbits. In addition, it is natural to prescribe the value of the mass so that A can
be interpreted as a Lagrange multiplier. For example, from a physical point of view, the normalized
condition may represent the number of particles of each component in Bose-Einstein condensates or the
power supply in the nonlinear optics framework. To obtain the solutions of (1.1)-(1.2), it suffices to
consider critical points of the functional

b 2 1
E,u) == f Vuldx + 7 ( f VuPdx) — = f uldx — — f Iy * WP)ulPdx (1.7
2 R3 4 R3 q Jr3 2p R3

S.:= {u e H'(R?) : f lul*dx = c2}
R3

with the parameter A € R appearing as a Lagrange multiplier.
In order to narrate the relevant results and state our motivation conveniently, we consider the
following Kirchhoff-type equations with convolutional terms:

on

{—(a +b [ IVuPdx)Au = Au+ plul?u + y(I, * ul’)ul’2u, x € RY, 08)

fRN lul*dx = 2,

wherea > 0,6>0,c>0,N>3, 1,y €R,2<g< 2%, and 22 < p < 2x2.

Taking @ = 1 and b = 0, (1.8) reduces to the nonlinear Choquard equation with combined nonlineari-
ties. The endpoints of = N ¢ and N = established in [15] are called lower- and upper-critical exponent.
The upper-critical exponent plays a 51m11ar role as the Sobolev critical exponent in the local semilinear
equations, for instance, Li [16] proved the existence and orbital stability of ground states of (1.8) when
p = %*g, v = 1. As to the lower critical exponent, it seems to be a new feature for the Choquard
equation, which is related to a new phenomenon of bubbling at infinity, see [17, 18].

If b > 0, N = 3, then (1.8) is a nonlinear Kirchhoff equation. Zeng and Zhang [19] proved the
existence and uniqueness of solutions to (1.8) with g € (2,6), y = 0, and u = 1 by using some simple
energy estimates rather than the concentration-compactness principles. In addition, Ye [20] considered
the existence and mass concentration of solutions of (1.8) under the case of L2-critical exponent, namely,
q= 14 . If y # 0, then (1.8) can be viewed as a Kirchhoft-Choquard type equation. Liu [21] considered
the case ofy=1,u =0, and N < p< %*‘2’, and he provided threshold values c, and c.. related to
¢ separating the existence and nonex1stence of normalized solutions of it when p belongs to different
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ranges. In addition, he also deduced that (1.8) has no nontrivial solutions in the cases of p = Nia op

N
p= N *2. For the cases of non-autonomous Kirchhoff equations, Qiu et al. [22] considered the following

non- autonomous Kirchhoft equation with a perturbation:

{_(a +b [ IVuPdx)Au + du = h(Olul"u + [ulP2u, x € RY, (1.9)

J;RN lul*dx = 2,

where 1 < N < 3,a,b,c >0,1 <qg<2,2<p <2, h(x) € R. They proved the existence of
mountain pass solutions and bound-state solutions. Furthermore, Ni et al. [23] dealt with the following
non-autonomous Kirchhoft equations with general nonlinearities:

{_(a8 +be [, IVuldx)Au+ V(xu = du+ fu), x e R, (1.10)

jl‘@ lul*dx = c%e,

where a,b,c > 0, V is a nonnegative continuous function, and f is a continuous function with L-
subcritical growth. When & > 0 is small enough, by using minimization techniques and the Lusternik-
Schnirelmann theory, they pointed out that the number of normalized solutions was related to the
topological richness of the set where the potential V attained its minimum value.

Motivated by the above analysis, we consider (1.8) withy = 1, u # 0, and N = 3. Compared to the
case of u = 0, at this time, (1.8) is regarded as a Kirchhoff type mixed equation with convolutional terms,
which leads to a more complex geometric structure of the energy functional and makes the compactness
analysis and energy estimates more difficult. In addition, we need to accurately determine the range of
the parameter p to ensure that the convolution term (I,, * |u|”)|u|’~?u is the leading term.

In the present paper, we study the existence and asymptotic behavior of solutions to (1.1)-(1.2). We
say that i is a ground state to (1.1)-(1.2) if it is a solution to (1.1)-(1.2) having minimal energy among
all the solutions belong to S,

dE,|s (ug) =0 and E,(up) = inf{E,(u) : dE,|s . (u) =0,u € S} (1.11)

The following Gagliardo-Nirenberg inequality [24] is also crucial in our argument, that is, there
exists a best constant C, depending on ¢ such that

llully < CAIVUllS - lully™, g € (2,6), Yue H'RY), (1.12)

where 6, 3(3 2
q

The following inequality introduced in [25] is called Gagliardo-Nirenberg inequality of Hartree type:

f(l * |u|p)|u|pd.x < ||Q ||2p 2||Vu||2p71’ || ||3+a' [7’ vu c HI(R3), (1'13)

pi2

where y, := 3P 23 = and equality holds for u = Q,,, 0, is a nontrivial solution of

3p-3—-«a 3+a-— _
- 80, + =50, = U+ 10,10, 0, xR,

Now, we state our main results:

Communications in Analysis and Mechanics Volume 17, Issue 2, 317-340.



321

Theoremll Leta b,c >0, 3+“ <p<3+a a € (0,3), and u > 0.

() If g = { with pct%) < 5 q or & < g < 6, the problem (1.1)-(1.2) has a positive radial ground
state solutlon of mountam pass lype at a positive level m for some A < Q.

2) If < g < B the problem (1.1)-(1.2) has a positive radial solution of mountain pass type at a
positive level m for some A < 0.

Theorem 1.2. Leta,b,c >0, ¥ <4< 74 <p<3+a andac (2,3). If the following inequality

<1—i><

Yp

q(64—1) T
) (@ +bC)Co * <u<0 (1.14)
Yp T 9 q

holds, where CO = (“‘p - ”||Qp||2p 2)2"7”_2 then the problem (1.1)-(1.2) has a mountain pass type ground
state i, with the followmg properties: i is a radial function, and solves (1.1)-(1.2) for some A < 0 and
E,(it) > 0.

Theorem 1.3. Let uy, € S, be the solution of (1.1) obtained by Theorem 1.1. Then, up to a subsequence,
we have u, — uin Hr1 (R asb — 0%, where u € S .. is a solution of

—alAu = Au +,u|u|q_2u + (I * [uP)ulPu, in R? (1.15)

for some A < Q.

Remark 1.4. Compared with b = 0, the case of b > 0 is more delicate because of the presence of
the nonlocal term ( fR3 |Vul>dx)Au, which causes that the weak limit u of a Palais-Smale sequence {u,}
may not solve (1.1)-(1.2) and makes compactness analysis more complex. In addition, dealing with
the convergence of the convolutional term (I, * |u|”)|u|’~*u is a challenge. Finally, motivated by the
defocusing case of Schrodinger equations, which were studied by Soave [26] and Luo et al. [27], we
discuss the existence of solutions to (1.1)-(1.2) under the case u < 0. Compared to [26] and [27], b > 0
has a significant impact on the analysis of compactness in the defocusing case.

Remark 1.5. When p = 3 + a, the term (I, * |u|”)|u|”~u can be seen a Sobolev critical term and the
lack of compactness is a challenge. Soave [26] and Li et al. [28] both used the method introduced
by Brezis and Nirenberg [29] in Sobolev critical case; this method ensured that energy level is less
than a threshold, which is an essential ingredient in compactness argument. However, in our article,
the existence of ( fR3 |Vul*dx)Au and (1, * |ul?)|ul”~>u makes it difficult for us to accurately estimate the
energy level. So, the convergence of a Palais-Smale sequence is a very delicate problem, which at the
moment we could not solve.

2. Preliminaries

In this section, we give some preliminary results that will be used throughout the rest of the paper.
To start, we introduce the following notations:
e H'(R?) is the usual Sobolev space endowed with the norm [lul| = (||Vull3 + ||u||§)%.
e H!(R?) denotes the subspace of functions in H'(R?) which are radially symmetric with respect to 0,
Sc,r = H}(R3) N Sc-
o LP(R%)(1 < p < ), denotes the Lebesgue space with the norm llull, = (fR3 |u|pdx)%.
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e D'2(R?) = {u € L* (R?) : Vu € L*(R?)}.
¢ 0,(1) denotes the vanishing quantities as n — oo.

Next, we give some lemmas that will be used throughout the rest of the paper.

Lemma 2.1. Ifu € H'(R?) is a weak solution of (1.1), then the Nehari-Pohozaev identity

P(u) := al|Vull; + blIVull3 — uS,llulld - v, f3(1(z * JulP)ulPdx = 0
R
holds.
Proof. 1f u is a weak solution of
—Au+ Adu = ,ululq_zu + y(1, * lu|P)ulP~u, xeR,

then we get

1 3 3 3+a
EIIVuH% + Ellulli = ,uzlllullg +y f (Lo * |ul”)|ul”dx. (2.1)
R3

2p
by [30, Corollary 2.5]. Furthermore, we can regard the term (a + b fR3 [Vul>dx) in (1.1) as a constant
coefficient motivated by [28, Lemma 2.3]. Therefore, combining (2.1) with the conclusion of Pohozaev
identity of Schrodinger equation [31], we see immediately that

3+«
2p

a b 3 3
~(IVull; + (IVully = SAllul3 + p=llull? + f (Lo * |ul”)lul”dx. (2.2)
27 2 R T R T T e 23

In addition, since u € H'(R?) is a weak solution of (1.1)-(1.2), we have
allVull3 + bIIVully = Allul + pllull] + f o "l dx. (2.3)
R
Combining (2.2) with (2.3), we infer that

allVulls + blIVully — pllullf — v, f o lulluldx = 0.
R

When the energy functional E,, is unbounded from below on S ., we introduce the Pohozaev set:
Pey:={ueS.:P,(u)=0}L (2.4)
Lemma 2.1 implies that any critical point of E,|_ is contained in .. Forr € Rand u € S, we define
(t % u)(x) := e%u(etx).
Then, t x u € S .. The map

(t,u) € Rx H'(R*) — (r x u) € H'(R?) is continuous, (2.5)
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see [32, Lemma 3.5]. Similar to [33], we define the fiber map
b 1
Wi(0) 1= Eyt % 1) = ¢ IVull} + Ze¥IVully = S fulf - = f (o lululdx. — (2.6)
4 q 2p R3

An easy computation shows that
(W) (@) = Pyu(t * u). 2.7
So we see immediately that for u € S, t is a critical point of ‘I’Z(t) ifandonly if t x u € P.,.
We need to recall the Hardy-Littlewood-Sobolev inequality.

Lemma 2.2. (Hardy-Littlewood-Sobolev inequality) [34] Let N > 1, p,r > 1, and 0 < a < N with
11—7 + 220 1 1 =2, ue LP(RY), v e L'(RN). Then, there exists a sharp constant C(N, «, p) independent of
u and v such that

f &v(y_)adxdy < C(N, a, p)llull,lIvll;.
R

v Jrv X —y|N

Lemma 2.3. /35, Lemma 2.3] Let N > 3, € (O,N), and p € [N“’, %“2’] Assume that the sequence
{u,} € H'(RV) satisfies u, — uin H'(RN) as n — oo. Then,

Ly * |t |P 1, — Ly * [u”)ul?u in H'(RY) as n — oo.

Lemma 2.4. [32, Lemma 3.6] Forue S.andt € R, the map ¢ — t* ¢ fromT,S . to TS is a linear
isomorphism with inverse  — (—t) * , where T,S. = {p € S, : fR? uyp = 0}.

Lemma 2.5. Assume 3“’ < p <3 + . Then the energy functional ¢ is invariant under any orthogonal
transformation in R, where

P(u) = f (o * uulPdx, ue H'(RY).
R3
Proof. We define the following group with orthogonal invariance:
O0QB):={A e RATA=1)

and
X:=Ax, ¥:= Ay, us(x) = uX), us(y) = u(y),
with A € O(3). We obtain

B(u) = f (U # g ita Pl

ff |MA(X)|p|M;4(Y)|pd dy
RIxps X =Y

3 [u(OPlu(PIP .
_ffR o AT ATy P

P p
ff u(X)] |M3(y)| A%
Rixps X =Y

- f (o * )l dx = ()
R3

by ‘det(‘al) = ‘det(g—i)‘ = |det(A)| = 1. Thus, ¢ is invariant under any orthogonal transformation in
R3. m
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3. Supercritical leading term with focusing perturbation

In this section, we prove the existence of mountain pass type critical points for E,|s, . when u > 0

and we assume that 3+ § < p <3 +a.
We first investigate the mountain pass geometry of E,onS,,.

Lemma 3.1. Suppose that % < q < 6 or g = £ with pc?'~% < Pt
q

(i) There exist two posztlve numbers k; < kz sufficiently small such that

0 <supE, (u)<1nfE(u) and E,(u) >0, P,(u) >0 for u € Ay,

Ah

where
Ay :i={ueS,., ||Vull, < k}.

(i1) There exists ug € S, \ Ay, such that E,(uy) < 0.

Proof. (i) In view of (1.12), (1.13) and 2 < g6, < 2py,, we obtain

a 7 1
E,(u) = 2||VM||2 —IIVullé - gllullg “ 2 fR3(Ia # |ul”)|ul”dx

3+a-p
a 4 M 1-6 46 c 2py,
> SIvul} + —||Vu||2 ~Eeaen- v - v
q
plb
and
2 4
P,(u) = allVully + blIVully — pud,llulll =, fw(la * |ul”)|ul"dx
b s, DYyt 2
2 4 1-6 q P Y,
> a||Vull; + Z||VM||2 _ﬂ‘SqCZCQ( N Vully - W” ull,™.
P

It is also clear that b
a
E,(u) < —IIVMH% + —IIVMII‘%-

(3.1)

Notice that 2 < g6, < 6 and puc?'~%) < 4 c 4 when ¢6, = 2. Taking two small positive numbers k; < k,,

we arrive at the desired result.
(i1) For u € S ., we have

lim [[V(t % u)|l, = o0, lim E, (¢t % u) = —
t—+00 [—+09

Choosing uy = t x u with ¢ > 0 large enough, we deduce that uy € S, \ A, and E, (up) < 0.

By Lemma 3.1, we define the mountain pass level of the functional £, on S ., by

o(e,p) = lnf n%gﬁE (y(2)).

where L
={y € C([0, 11, S ) : y(0) € A, E,(¥(1)) <0}

Clearly, we have
o(c,p) > inf E,(u) > 0.
Ay,

(3.2)

(3.3)

(3.4)
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Lemma 3.2. Suppose that & < q < 6 or g = § with uc?'~% < 74 Then, there exists a Palais-Smale
q

sequence {u,} C S, for E,|s_, at the level o(c,u) with P,(u,) — 0 asn — oo.
Proof. Motivated by [33], we define the augmented functional EH RxH'(R) >R
E,(t,u) := Ey(t % u) = (1), (3.5)

where W/(7) is defined in (2.6). Notice that E‘,, is of class C'. By Lemma 2.5, we know that Eﬂ is
invariant under rotations applied to u. Therefore, [31, Theorem 1.28] indicates that a critical point for
E~,J|RX5“ is a critical point for Eﬂlesc.

Now, we denote

[:={7eC(0,1,RxS.,): 7(0) € {0} X Ay, 7(1) € {0} X E})},

where E2 ={ue€S., : E,(u) <0}. We easily see thatif y € I, then ¥ := (0,y) € I and E~#()~/(t)) =
E,(y(®) for t € [0, 1]; while if ¥ = (¥1,%2) € [, then v() ==y, * ¥, € I'and Ey()?(t)) = E,(y(1) for
t € [0, 1]. Therefore, we have
,i) = inf E, (%(1)).
o(c, 1) l;gf g%&ﬁ (Y1)

By the definition of o (c, u), for g, = niz, there exists y,, € I such that

1
< —
max E,(y() < o(c,p) + et

setting ¥, = (0,v,), we obtain

. 1
max E,(¥(0) < o(e, 1) + e

According to Ekeland’s variational principle [33, Lemma 2.3], there exists a sequence {(t,,v,)} C RXS.,
such that
Ey(tn, Vn) - O-(C’/l) and (E,ulRXSC,r)’(tn, Vn) -0 as n— o, (36)

with the additional property that
|t,| + distyigs)(vi, Bn([0, 1)) = 0 as n — oo. 3.7
Note that E,J(t,,, V) = E~#(O, t, x v,) and
(Elrxs.,) (s vi), G 80)) = (Eylrsxs,,) (0,1, % v,), (1,1, * ) (3.8)
for (¢,¥) € R x H'(R?) with fR3 v = 0. Setting u, = t,, % v, € S, by (3.6), we obtain
E, (u,) = E#(O, t, % V,) = Eﬂ(t,,,vn) — o(c,u), as n — oo,
We take (1, 0) as a test function in (3.8), and it follows from (3.6) that
P,(u,) = 6,]2“#(0, u,) > 0, as n — oo,

For w € H'(R?) with fR3(t" * v,)w = 0, we take (0, (—,) * w) as a test function in (3.8). In view of (3.6)
and (3.7), we have that Ells, (u,) > 0asn — oo. O
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Lemma 3.3. If r; > 0,i = 1,2, 3, then the function
g(®) = re* + re" — e’ teR

has a unique critical point at which g achieves its maximum.

Proof. By direct computation, we have
g () = 2rie* + 4re" = 2py, ;e = e¥(2rie7H + 4ry — 2py, eV 1= V(1)

Obviously, g is decreasing, lim,_,_, g(f) = +oco and lim,_, ., g(f) = —oo, so there exists a unique 7, € R
such that g(z)) = 0, g(t) < 0if t > 1y, and g(¢) > 0 if ¢ < fy. Then, #; is the unique critical point of the
function g(¢) and g(zy) = max,r g(r) > 0 since g(—o0) = 0" and g(+o0) = —oo0. |

Similar to Lemma 3.3, we have

Lemma34. Ifr; > 0,i =1,2,3,4 and T > 4, then the function
g(®) = re* + re" —re” — et teR

has a unique critical point at which g achieves its maximum.

Lemma 3.5. Suppose that %4 <g<borqg= 13—0 with uci'=%) < %. For any u € S, there exists a
unique t, € R such that t, x u € P, t, is the unique critical point of ¥}, and it is a strict maximum at a
positive level. Moreover, V), is strictly decreasing on (1, +o0) and t, < 0 implies P,(u) < 0. The map

uesS,—t, €Risofclass C'.

Proof. 1f g = %, recalling go, = 2, letting u € S, by (2.6) and (2.7), we have

y a 7 b 1
EHOE (§||Vu||§ - 5||u||3)62t + Ze‘“nvun;‘ - Ee%’ fR o [ul)lul"dx

and (W) (1) =0 & Pyt % u) =0 & t x u € Py Inview of (1.12), we obtain

a

i) 2 (3

— B e 1-0) W + ZeM |Vl — e f (I, * "l dx. (3.9)
q 4 2p R
Since puc?'~%) < 74 and 2py, > 4, in view of Lemma 3.3 and (3.9), there exists a unique 7, € R such
that (Y (£,) = 0 and (1,) = max,ex P(1) > 0.
Similarly, we deduce that 4 < g, < 2py, when %4 < g < 6, in view of Lemma 3.4 and (2.6), there
exists a unique ¢, € R such that (‘I’Z)’(tu) = 0and ‘I’Z(tu) = maxX,r ‘PZ(t) > (. Thus, we infer that

Pi(~c0) = 0%, W(+00) = —c0

and v is strictly decreasing on (#,, +00). Since (P’ () <0 if and only if > t,, we deduce that 7, < 0
implies P,(u) = (¥})'(0) < 0.

Define @ : R x H}(R?) — R by ®(z,u) = (¥})'(t,). It is clear that @ is of class C', ®(#,,u) = 0 and
0,9(t,, u) = (V)" (t,) < 0. Applying the implicit function theorem, we see that the mapu € S, — 7, € R
is of class C'. o
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Lemma 3.6. Suppose that 5§ < q < 6 or g = £ with uct'~% < 34, We define

m(c,pu) ;= inf E,(u), (3.10)
uePe

then m(c, u) > 0.

Proof. 1t u € P, ,, combining P,(u) = 0 with (1.12), (1.13), we obtain

D)
3 —
P g
2p-2
pli2

2 4 1-6 g 2pyp
allVull3 + blIVully < us,Cic™ (| Vully " + Vull,””".

So, in view of 4 < g6, < 2py, or g6, = 2 when pc?' =% < - q, there exists a positive constant Cy such
that

inf |[Vull, > Co > 0. (3.11)
uePe,
In addition, for u € P.,, we have
_ 1 q 1 P P
E,() = Eyu) = 7 Py(u) = ||Vu||2 2y, 19+ (— ~ 5) | ol dx
_ 3.12
[ da- %‘cch“ DIV >0, g=2 G2
B 4)|Vull5 > 0, % <g<6
Then, we get m(c, u) > 0. ]
Lemma 3.7. Suppose that <g<borqg=-= wzth uci1=%) < 2. Then, o(c, 1) = m(c, 1), where
o(c, ) is defined in (3.2).
Proof. Denote
m,(c,pu) ;== inf  E,(u). (3.13)

uePe NS¢ r

For any u € ., NS ,, recalling that
lim [[V(t % wll, =0, lim [[V(¢ * w)|l, = +oo0, lim E,(t x u) = —
t——o0 t—+00 t—+00

Then, there exist #; <Oand #, > Osuch that#; xu € Ay, tr xu € S.,\ Ay, and E, (1, x u) < 0 by Lemma
3.1. Setting y(t) = ((1 — )t; + tt,) % u for t € [0, 1], we easily see that y € I'. In addition, by Lemma 3.5,
we have maxcjo,1) E,(y(1) = E,(u) if (1 — Ht; + t, = 0, from which it follows that m.(c, u) > o(c, p).

On the other hand, we prove o(c, u) > m,(c, ), it suffices to verify that y([0, 1]) N P, # O for any
vel. lfueS,,, by (3.12), we get

E,(u) — P (1) > 0.

So, we have P,(y(1)) < 4E,(y(1)) < 0 for any y € I'. Note that P,(y(0)) > 0. Let us consider the
function
P,:7€[0,1] > P,(y(1)), for ues,.,.
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Obviously , P, is continuous by (2.5). Hence, we infer that there exists 7,, € (0, 1) such that P,(r,) =0
namely, y(t,) € P, which implies that y(z,) € ¥([0, 1]) N P, namely, ([0, 1]) N P, # 0. Thus, we
obtain

my(c, ) = o(c, ). (3.14)

Finally, we prove m,(c,u) = m(c,u). Since m,(c, ) > m(c, 1), we only prove m(c, 1) > m,(c, p).
Suppose by contradiction that there exists i € P, \ S, such that

E, (1) <m,(c,p). (3.15)

Let v = |u|" be the symmetric decreasing rearrangement of |i|, then by the properties of symmetric
decreasing rearrangement, we have

IVl < IVall,  Wlly = llllg, 1Vl = llall2,

(3.16)
f (Lo = PI")vPdx > f (L = |ul”)lulPdx.
R3 R3
Since v € S, by Lemma 3.5, there exists a unique #; € R such that z; x ¥ € £, and
E,(t; V) = max E,(t % V). (3.17)
te
Hence, in view of (3.15)-(3.17), we have
E,(n) < m,(c W < E(t; % V)
b
2’VIIVVIlz e (IVill; - eq‘Sqt‘IIVII" — Pt f (L * V)PP dx
q R3
b
< ge%nvani + 2" IVal - ge%“nang — fR (I, * @)l dx
= E/_t(t\') * ﬁ) < E/J(tﬁ * Ijl) = E,u(ﬁ)’
which is impossible. Therefore, m,(c, u) = m(c, u). Combining with (3.14), we have
o(c, p) = m(c, p.
O

In what follows, we will discuss the convergence of Palais-Smale sequences satisfying suitable
additional conditions, following the ideas introduced by [28, Proposition 3.1].

Proposition 3.8. Suppose that L < q < 6 or g = 2 with uc?1~% < s \n} C S, is a Palais-Smale
q

sequence for E,|s_, at the posmve level o(c, u) wzth P,(u,) — 0 asn — oco. Then, up to a subsequence,
U, = uin H}(R3), andu € S, is a solution to (1.1) for some 1 < 0.

Proof. Step 1. Boundedness of {u,} in H!(R?).
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If = 10 <g< ¥ then2< g6, < 4. Using (1.12) and P,(u,) = 0,(1) yields

ole,m) + 1 2 Ey(uy) - L p () + 0n(1)
2pyy

= ol = oIV + (G = 5Tl = LY+ 0,01

1 1 4 2py, q q (1-5,) 994
> b(Z - pr)lqunIIZ —M(T)Cq c? ”Vun”2 + On(l)a

from which we see that {u,} is bounded in H! (RY).
If & < ¢ <6, then 4 < g6, < 6. Using (1.12) and P,,(u,) = 0,(1) again, we obtain

o)+ 12> E, (u,) - %Pﬂ(un) + 0,(1)

a qo, —4 DYp—2
4”Vun||2 +/J( 4q )”unHZ + T R3(Ioz * |un|p)|un|pdx + On(l)
a

> ~|[Viyll5 + 0n(1).

4>

Hence, {u,} is bounded in H!(R?).

Step 2. We prove that there exist Lagrange multipliers 4, — 1 € R.

Since {u,} is bounded in H!(R?), by the compactness of H'(R?) — LI(R*)(q € (2,6)), up to a
subsequence, there exists a function u € H!(R?), such that u, — u in H'(R?), u, — u in LI(R?)
and u, — u a.e. on R®. Notice {u,} is a bounded Palais-Smale sequence of E,ls,., by the Lagrange
multipliers rule, there exists {41,} C R such that

cr?

(a+b||Vun||§)f Vun~V¢dx—#f | pdx
R3 R3

(3.18)
—f (Lo # ||t P uipdx — /lnf unpdx = 0,(1)llell,
R3 R3
for every ¢ € H'(R?). Choosing ¢ = u,, then
= (a + bIVun DIVual; = elluayllf — f}(la # ||t |Pdx + 0,(1). (3.19)
R

By (1.12) and (1.13), the boundedness of {u,} implies that {||u,l|,} and {fR3 (Lo * |u, |”)|u,|”dx} are bounded.
Thus, {4,} is bounded as well, up to a subsequence, 4, — 1 € R.

Step 3. We show that 4 < 0 and u # 0.
We first prove that

lim (1, * |u,|))|u,Pdx = f (L, * |u|”)|ulPdx. (3.20)
R3 R}

n—oo
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By Hardy-Littlewood-Sobolev inequality and Minkowski inequality, we obtain

(Lo * lul”)lun|dx — f (Lo * lul”)|uldx
R3 R3

f (Lo * (lunl? + ul”)) ()P = |ul”)dx

R3

< Cilllunl” + 1’|l o - lluenl” = ul”|] o
3+a 3+a

< Co (Il + Tl ) Mal” = bl

3+a 3+a

By virtue of (1.12), 2 < 3% < 6, and the boundedness of {u,} in H!(R?), we deduce that {Iletall o2 } is
bounded. In addition, we have o
etnl” = |ul”ll & — O (3.21)

by ||u, — ull;l — 0. Thus, (3.20) is established. Combining (3.19) with P,(u,) = 0,(1), we get

—3—
@&=M@—mmm+ﬂg—3fawmmwmw+%m.
14 R3

Then, we obtain

-3
A = (S, - Dl + L2 > @ f (L, * ul”) |l dx (3.22)
14 R3

by virtue of 2, — A, u, — u in LY(R?) and (3.20). Since u > 0, 0 < 04 <l and p < 3 + @, we deduce
that 4 < 0, with 4 = 0 if and only if u = 0. If 1, — 0, we have

lletally — O, f (Lo * |tn|”)uy|”dx — O
R3
by the compactness of Hr1 (R?) — LY(R?) and (3.20). Using again P,(u,) = 0,(1), we have E,(u,) — 0,
which is a contradiction with E,(u,) — m > 0, and thus 4, - A <0and u # 0.

Step 4. u, — uin H!(R?).
Since u, — u # 0 in H(R*) and H'(R?) — D'?(R?), we get

B = lim ||Vu,|5 = ||Vull5 > 0. (3.23)

Then, (3.18) and Lemma 2.3 imply that

(a+ bB)f Vu - Veodx — ﬁf updx
R3 R3

(3.24)
- ,Ltf |u|? > updx — f (L, * [ul)ul"*updx = 0, Yo € H'(R?).
R3 R3

Test (3.18)-(3.24) with ¢ = u, — u, we obtain
(a + Bb)IIV(u, — w3 = Allu, — ull3 = llf (et — Ul u) (u, — w)dx
R (3.25)

+jfmﬂmmmﬂw—mﬂwmwﬂmrww+mu
R3
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By using the Holder inequality and the strong convergence of u, to u in LY(R*), we obtain

- 0. (3.26)

f (a1t = |l 20) (ut, — ) x
R3

In addition, by the Hardy-Littlewood-Sobolev inequality and generalized Holder inequality, we have

f (Ia * |un|p)|un|p_2un(un - u)dx

R3
-2

< Clllotnl? |l oMottt (st = )] 6

+a 3+a

-2
< Cllugll®, Netnl” sl o s Nty — ull 6
— p-1 3+a 3+a

3+a

2p-1
= Cllull s, ety = ull sp .
3Ira 3+a

So, by the boundedness of {||u,|| s» } and ||u, — ul| s» — 0, we obtain
3+a 3+a

f (Lo * ||t~ (ut, — u)dx| — 0. (3.27)
R3
Similarly, we get
f (L * |ul”)|ul”u(u, — u)dx| — 0. (3.28)
R3

In view of (3.26), (3.27), (3.28), and (3.25), we have
(@ + Bb)|IV(u, — w3 = Alluty — ull; = 0,

which implies that u, — uin H'(R®) by 1 < 0, and u € S ., solves (1.1) for some A < 0. o

3.1. Proof of Theorem 1.1

According to Lemma 3.2, there exists a sequence {u,} C S, with the following properties
E (u,) = olc, ), Ejls,, (u) >0, Py(u,) >0, as n— oo,

Then, by Propostion 3.8, u, — u in H'(R*), u € S, is a solution to (1.1) for some 4 < 0 with
E,(u) = o(c,p). In addition, by Lemma 3.7, we get E,(u) = o(c, ) = m(c, i), namely, u is a ground
state solution under the cases of g = % and % < g < 6. Recalling that 3,(r) > 0 a.e. in R? for every
7, (3.7) and the convergence imply that u is non-negative. The strong maximum principle implies that
u>0. |

4. Supercritical leading term with defocusing perturbation

In this section, we prove the existence of a mountain pass type solution when u < 0.

Lemma 4.1. Suppose that %) <g< %4 <p<3+a,aecE3)andu<0. Foranyu € S, there exists a
unique t, € R such that t, % u € P, t, is the unique critical point of ¥}, and it is a strict maximum at a
positive level. Moreover, W), is strictly decreasing on (t,, +) and t, < 0 implies P,(u) < 0. The map
uesS.—t, €Risofclass C.
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Proof. In view of u < 0,2 < g6, <4 <2py, and (2.6), we have
Wi(—00) = 0" and Wi (+00) = —oo0. 4.1)

Therefore, ¥/ (#) has a global maximum point at positive level. The rest of the proof is similar to that of
Lemma 3.5. o

Lemma 4.2. Suppose that <g< T4 <p<3+a ac3)andu<0. Then, m(c,u) > 0, where
m(c, ) is defined in (3.10).

Proof. Combining (1.13) with P,(u) = 0, we obtain

p,y C3+a—p 2y
allVully + blIVull; — pbllulld = fo(l *Iul”)lulpdx<ﬁll ully ™" (4.2)
19,15
By virtue of u < 0 and (4.2), we have
3+a—p
PYpC »
IVall} < =L |IVully”, (4.3)
il
Thus,
2
Cle_ 2pyp-2 —
IVally z( - QIR 2) =Co > 0. (4.4)
For any u € P.,, the energy functional can be seen
1 1 1 2py, —4
E Vu - Vulld — p =L |ul|?.
W) = a5 - T )|| ully + b( 5 2mp)n ully 1 el

In view of 2py, > 4, u < 0 and (4.4), we obtain

E,(u) > a(% — ——)IVul} > a(% - 2])17 )Co.
p

and the desired result follows from the inequality above. O

2py,

Lemma 4.3. Suppose that %) <g< % <p<3+aqac (?,3) and u < 0. Then, there exists k > 0
sufficiently small such that

E,(u)>0, P,(u)>0 for ueA; and supE,(u) < m(c,u),
Ax
where Ay = {u €S, : ||Vul, < k).

Proof. In view of (1.13),2py, >4,and u <0, if u € A, with k small enough, then we obtain

a b u 1
E = —|IVul3 + =||Vullt — = q——f 1, PulPd
uu) = Z[Vull; 4|| ull qllullq 2 o fulP)luldx

3+a—p

a 4 4 217'}’]7
> SIVu + IVl ~ =Vl

pi2
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and
P, () = allVull; + blIVully — ubyllull? v, f%(la * Jul”)|ul”dx
R;

b Py C3+a—p 5
> al|Vull; + ZIIVMIIE1 - p—ZP_ZIIVullzpy” > 0.
plly
If we could replace k£ with a smaller positive number, combining (1.12) with Lemma 4.2, then it is

obvious that b
a _
E,w) < SIIVul} + Z1IVul} - gcgcqu "|Vull; < me, ).

O

Proposition 4.4. Suppose that ? <g< % <p<3+a ac (%,3), and p < 0. If{u,} € S.,isa

Palais-Smale sequence for E, |5, at non-zero level ¢ with P,(u,) — 0 as n — oo and (1.14) holds, then
up to a subsequence, u,, — i in Hr1 (R3), and it € S, is a solution to (1.1) for some A < 0.

Proof. We divide the proof into four steps.
Step 1. Boundedness of {u,} in H!(R?).
Combining p < 0 with P,(u,) = 0,(1), we obtain

Il + (5 -

4 2py,

1
G+ 12 E,u,) 2 a5 -

2 2py,

JIVul3 + 0,(1),

then we deduce that {|[Vu,l||,} is bounded by 2py, > 4. Thus, {u,} is bounded in H} (RY).

Step 2. We prove that there exist Lagrange multipliers 4, — A.

By the compactness of H!(R?) — LI(R*)(¢ € (2,6)), up to a subsequence, there exists a function
it € H'(R?), such that u, — & in H'(R%), u, — @ in LY(R?) and u, — i a.e. on R*. Notice {u,} is a
bounded Palais-Smale sequence of E,|s_,, by the Lagrange multipliers rule, there exists {4,} C R such
that

(a + b||Vu,|3) f Vu, - Vodx — u f |t U o x
R3 R3

_f (I(x * |Mn|p)|un|p_2un‘10dx - /lnf un‘pdx = On(l)”(p”’
R3 R3

for every ¢ € H!(R*). Choosing ¢ = u,, then we obtain

1
Ay = ;((a + bV DIViall3 — pelluealld — f (Lo * )i dx) + 0, (1). (4.5)
R3

By (1.12) and (1.13), the boundedness of {u,} implies that {||u,||,} and {fR3 (Lo, * |u, |P)|u,|P dx} are bounded.
Thus, {4,} is bounded as well, up to a subsequence, 4, — 1 € R.

Step 3. 1 < 0.

Combining ¢ < 0 with P,(u,) = 0,(1), we get

allVu,ll; + blIVull; = pbllwll2 + v, f3(10z # [tn|”)utn|"dx + 04(1)
R

<vy, | (s * un)luy|Pdx + 0,(1),
R3
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using (1.13) again, we have

allVu|l; < fo (Lo * lug|”)lunl"dx + 0, (1)
R3

C3+(x—p (46)
< P08 G, 27 4 0,(1).
10,11,
Now, we may assume that
B = 1im [|Vu,|l3 > |IVill3 > 0, (4.7)
by (4.6) and (4.7), we obtain
p-3-a ﬁ
B> (“C ||Qp||§”‘2) =Gy > 0. (4.8)
PYp

Combining (4.5) with P,(u,) = 0,(1), we obtain

A= 10 L)t BTVl + (2~ ] + 0,1 (4.9)
c Yp Yp

Since % <g< % <p<3+a,wegetl — yl,, < 0and j—;’) < 1, in view of (4.7), (4.8), (4.9), and (1.12),
we infer that

Ay < é'cvoz[(l - i)(a SbCT T+ y(@ = 1)C2c2| + 0,(1). (4.10)

Yp Y

Thus, observing assumption (1.14), taking to the limit of (4.10) as n — oo, we obtain
A, »> A1 <0.

Step 4. We show that u,, — i in H'(R?).
Similar to (3.24)-(3.28), we easily obtain

(a + BD)|[V(u, = I3 = Allu, — @l[; > 0, as n— oo,
which, being A < 0, implies that u,, — i in H'(R?). ]
Denoting by E,‘f the closed sublevel set {u € S, : E,(u) < d}, we introduce the minimax class
Ty :={y = (&.B) € C([0, 1R X S,) : ¥(0) € (0,A), (1) € (0, E)},
with associated minimax level

6(c,u) ;= inf  max E, (¢, u),
(©n) yelo (Lapey(0,17) (& u)

where A; and E#(t, u) are defined in (3.1) and (3.5), respectively.
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4.1. Proof of Theorem 1.2

We split the proof into the following steps.
Step 1. We show &(c, u) = m,(c, i), where m,(c, ) is defined (3.13).
Letu € S.,, by (4.1), there exist ) < —1 and #; > 1 such that

Yu :T€[0,11 (0,(1 =)o + 1)) x u e RX S, 4.11)

is a path in I'y(the continuity from (2.5)), then &<(c, ) is a real number.
We claim that for every y € Iy, there exists 7,, € (0, 1) such that a(r,) * B(7,) € .. Indeed, let us
consider the function

P,:7€[0,1] = P,(a(r) *x B(7)) € R.

By Lemma 4.3, we get PY(O) = P,(B(0)) > 0. On the other hand, by Lemma 4.1, since (‘Pﬁ(l) ) (t) > 0 for
every t € (—oo, tg1)] and ‘Pﬁ(l)(O) = E,(B(1)) <0, then #5;y < 0. Again by Lemma 4.1, we can see that
P,(B(1)) < 0. Therefore, by the continuity of Py(see (2.5)), we can deduce that there exists 7, € (0, 1)
such that Py(ry) =0, so a(ry) * B(r,) € P.,. This implies that

yr(%)a}ﬁ) E, > E,(y(1y)) = E (a(ty) * B(1,)) > PL.L%E E,.
Thus,
G(c,u) > inf E,. (4.12)

On the other hand, v, is the corresponding path defined by (4.11), and if u € $., NS ,, then by Lemma
4.1, we get

E,(u) = EN(O, u) = max EH > d(c, ).
Yu([0,1])

So, we infer that

. S5 5
Pgilrlwgﬂ,, E > 6(c,p). 4.13)

Combining (4.12) with (4.13), we have

inf E=6 )
ﬂf% L o(c,p)

Then, we have
m(c, ) = 6(c, w) (4.14)

and &(c, u) > 0 by Lemma 4.2.
Step 2. We prove the existence of a Palais-Smale sequence {u,} of E,|s_, at the level &(c, u).
By Lemma 4.3, we infer that

o(c,p) =my(c,u) > sup E, = sup E.
ALUED (0,4)U(0.ED)

Taking
X=RxS., F=1{(0,1]):y€To}, B=(0,A)U(0,Ep,

F={(t,u) eRX S JE,(t,u) 2 &(c,p)}, A=y(0,1]), A, =7,([0,1]).
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Then, we consider that ¥ = {y([0, 1]) : v € Iy} is a homotopy stable family of compact subsets of
R x § ., with extended boundary B = (0, A U (0, Eg) and the assumptions of [36, Theorem 5.2] hold
with the superlevel {E > & (c, u)}. Thus, taking any minimizing sequence {y, = (@,,5,)} C 'y for 6(c, u)
with the property that @, = 0 and 8,(7) > O a.e. in R? for every 7 € [0, 1], there exists a Palais-Smale
sequence {(t,,v,)} CRx S, for Eﬂlesm at the level 6-(c, u) > 0 such that

asE/J(tna Vn) — 0 and ||8uEy(tn’ vn)”(TV,,SC,r)* - 07 (415)
as n — oo. Moreover,
|t,| + distg g3y (v, B,([0,1])) — 0, as n — oo. (4.16)

From (4.15), we have P,(t, * v,) — 0 as n — oo. In addition, we have

ae’ vaana+be4’”||an||2f anVgo—’ueq‘Sq’nf Va2V
“ ® w 4.17)

=5 [ (sl e = 0,(Dll
R
forevery p € T\, S,. Thus, (4.17) leads to

<E;1(tn * Vn)a I, % ‘10> = On(1)||90||H1(R3) = On(l)th * ¢||H1(R3)’ (418)

forevery 9 € T, S ., with 0,(1) = 0 as n — oo, in the last equality, we used that {z,} is bounded, due
to (4.16). From Lemma 2.4 and (4.18), we see that {u, := t, x v,} C S, 1s a Pohozaev-Palais-Smale
sequence for E, s, at the level m,(c,u) = &(c, ).

Step 3. We notice that the assumptions of Proposition 4.4 are satisfied for the Palais-Smale sequence
{u,} obtained in the previous step. Then, up to a subsequence, we have u,, — i strongly in H'(R?) and it
is a radial normalized solution to (1.1)-(1.2) for some A < 0. We complete the proof. O

5. Asymptotic behavior

In this section, we study the asymptotic behavior of normalized solutions obtained in Theorem 1.1 as
b — 0" and give the proof of Theorem 1.3.

5.1. Proof of Theorem 1.3

Let {u; : 0 < b < b} be the solutions to (1.1)-(1.2) obtained by Theorem 1.1, where b is small enough.
We split the proof into three steps.

Step 1. We show that the family of radial solutions {1} is bounded in H!(R?).

Note that P, (up) = 0. If < 10 <g< =% namely, 2 < g6, <4 <2py,, then we obtain

1
ole,p) + 1 2 Ey(up) = E(up) — 5—Pu(up)
2pyp

_dé—zywam b(3 = Pl = s
1

MW%M—(QZL——

3rgs, JCie IV
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While if £ < ¢ < 6, namely, 4 < ¢6, < 2py,, then

1
ole. ) + 1 2 Ey(up) = Ey(up) = 7-Py(up)

_4a 2 9%, —4 g, PYp=2 P\l 1P

= 7IVusl; + i Nyl + iy o Lo sl sl dx
a

> IVl

Hence, we deduce from the above two cases that {u;} is bounded in H'! R3).

Step 2. We prove that there exist Lagrange multipliers 4, — 1 € R.

Since {u,} is bounded in H!(R?), there exists u € H!(R?) such that, up to a subsequence, u, — u in
H!(R?), and u, — u in LY(R?), u, — u a.e. on R?. We also know that

1
(Els.,) (p) = 0 in H'RY) & E(up,) — —(E;(up), up)uy — 0 in H™'(R?).
’ c
Thus, for every ¢ € H!(R?), we have

(a+b||VMb||§)f Vub'VSOdX—.Uf lup|" " upipdx
R3 R3 (5 1)

—f (Lo * lup| Pty apipd x = A, f3 uppdx = on(Dllll.
R3 R

Choosing ¢ = u,;, then

2,6 = allVuyl2 + blIVuli3 — allesll? f (Lo * sl dx + 0,(1)
R3
(5.2)
g, P~ 3-a p p
= (64 — Dllupllf + > Lo * |up|)up|”dx + 0,(1).
14 R3

By (1.12) and (1.13), the boundedness of {u,} implies that {||u||,} and {fR3 (Lo, * |up|?)|up|’dx} are bounded.
Thus, {4,} is bounded as well, up to a subsequence, 4, — 1 € R.

Step 3. We prove that u is a weak solution of (1.15) and u, — u € H'(R?).

By (3.20) and u;, — u in LY(R?), we obtain

—3-
Ac = (s, — Dlully + 22 f (I * lul? Yl dx
2p R3

from (5.2). Obviously, we deduce that 4 < 0, with ”="if and only if # = 0. Similar to Step 3 of the
proof of Proposition 3.8, we get 4 < 0 and u # 0. In view of u, — u # 0in H'(R?), H'(R?) — D'*(RY),
Lemma 2.3 and (5.1), we get

a f Vu - Vodx — f |u|" > updx — f (L, * Pl *updx — A f updx = 0 (5.3)
R3 R3 R3 R3

for any ¢ € H'(R®) as b — 0*. That is, u satisfies

—alAu = Au + plul?u + (L, * |uP)ul’u in R,
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test (5.1)-(5.3) with ¢ = u, — u, as b — 0*, we have
allV @y = w3 = Alluy, = ull; = 0,

which implies that u, — u in H! R byAd<0,andu € S .. solves (1.1) for some A < 0.
By (5.3) and H!(R?) — L*(R?), u is a weak solution of (1.15) and ||u||, = ¢, namely, u is a normalized
solution of (1.15). O
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