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Abstract: In the present manuscript, we focus on a novel tri-nonlocal Kirchhoff problem, which
involves the p(x)-fractional Laplacian equations of variable order. The problem is stated as follows:

1 b 1 &
M(0 ey () ) (=A)C () :A|u|q<x>-2u( f —|u|4<x)dx) + |u|’<x>-2u( f —|u|’(x)dx) in Q,
(T @) =855 0 q(x) P o r(x)

u=0 onoQ,

where the nonlocal term is defined as

1 u(x) — u(y)|PE»
T piey (1) :f () — uQ)l dxdy.
Q

<0 P(X, ) |x — y|N+stoypley)

Here, Q c R" represents a bounded smooth domain with at least N > 2. The function M(s) is given
by M(s) = a— bs”, where a > 0, b > 0, and y > 0. The parameters ki, k,, 4 and 8 are real parameters,
while the variables p(x), s(-), g(x), and r(x) are continuous and can change with respect to x. To
tackle this problem, we employ some new methods and variational approaches along with two specific
methods, namely the Fountain theorem and the symmetric Mountain Pass theorem. By utilizing these
techniques, we establish the existence and multiplicity of solutions for this problem separately in two
distinct cases: when a > 0 and when a = 0. To the best of our knowledge, these results are the first
contributions to research on the variable-order p(x)-fractional Laplacian operator.
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1. Statement of the Problem and the Main Results

Given that N > 2 and Q c R" is a smooth bounded domain. The goal of this paper is to investigate
the existence and multiplicity of solutions for variable order p(x)-Kirchhoff tri-nonlocal fractional
equations.

1 . 1 ©
M0y (1)) (A0 u(x) :/l|u|"(x)_2u( f —|u|"(x)dx) + |u|’<x>-2u( f —|u|’(x)dx) in Q,
( pee) ) o a q(x) F o r(x) (1.1)

u=0 onoQ,

where

1 Ju(x) — u(y)|P™
T oo (U) = dxdy,
P ,y)( ) fs;xﬂ p(x, y) |x _ y|N+s(x,y)p(x,y) Y

where N > s(x,y)p(x,y) for all (x,y) € Qx ﬁ, A, B are two real parameters, ki, k, > 0, M(x) = a — bx?,
a>0,b,y > 0and g, r are continuous real functions on Q.

The operator defined as (—A);(('.)) is referred to as the p(x)-fractional Laplacian with variable order, and
it is defined as follows:

1 fu(x) = u@)PP™7 (u(x) = u(y))
p(x,y) |x — y|N+sCeyp(xy)

(—A);((’.))u(x) :=PV. f dy;
Q
for any u € C°(R"), where the notation P.V. means the Cauchy principal value.
As the problem (1.1) involves integrals over the domain €, it deviates from being a pointwise
identity. Consequently, it is commonly referred to as a tri-nonlocal problem due to the presence of the
following integrals.

1
T piey (1) and f ——[u*“dx, for s = {gq,r}.
p(x.y) o S()C)

In recent years, the wide class of problems involving nonlocal operators have been an increasing atten-
tion and have acquired relevance due to their occurrence in pure and applied mathematical point view,
for instance, finance, the thin obstacle problem, biology, probability, optimization and others.

In the current work, our attention will be focused on a very interesting nonlocal operator known as
the fractional p(x)-Laplacian with variable order. This type of operator represents an extension and
a combination of many other operators. Indeed, the nonlocal fractional p-Laplacian, which has been
extensively studied in the literature, is defined as

Ju(x) = u)P>((x) = u(y)) J

v, x € RV,

(=A)’u(x) =2 lim :
P &=0" Jrv\B.(0) |x — y|N+sp
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During this time, problems involving variable exponents have attracted many researchers [1-3]. These
types of problems primarily arise from the p(x)-Laplace operator div(|Vu|"™~>Vu), which serves as
a natural extension of the classical p-Laplace operator div(|Vu|’~2Vu) when p is a positive constant.
However, these operators possess a more intricate structure due to their lack of homogeneity. Hence,
problems involving p(x)-Laplacian become more tricky. Moreover, concerning the nonlocal problem
involving the p(x)-Laplacian, we can refer to [4—13] and the references therein. For instance, in [9], the
authors focused their study on a specific fourth-order bi-nonlocal elliptic equation of Kirchhoff type
with Navier boundary conditions, which is expressed as:

1 1 "
M( | ———)A? = Aul12 f —[u|"™d in Q,
(fgp(xmmm)dx) put) = AT5u] ) o) in

Au=u=0 onodQ,

By using a variational method and critical point theory, the authors obtained a nontrivial weak solution.
Consequently, the idea to replace the fractional p-Laplacian by its variable version was initiated. For
this purpose, Kaufmann et al. [14] introduced the fractional p(x)-Laplacian (—A)Z(,) as follows:

Ju(x) = w72 (u(x) — u(y))

N
I — V) dy, xeR".

(—A)u(x) = lim
! #=0" JrM\B.(0)
To address such problems, the authors considered the fractional Sobolev space with variable exponents,
variational methods, existence. Simultaneously, many works involving the variable-order fractional
Laplacian (see [15]) have emerged, defined as follows:

(—A)*Ou(x) = lim Ju(x) = u(y)|

— __~"dy, xeR".
e=0% Jan (o) 1X — YINVTEO)

Furthermore, the combination of these operators leads to the emergence of the so-called fractional
p(x)-Laplacian with variable order. This class of operators has captured the attention of numerous
researchers [15-20], who have investigated various aspects, including the existence, multiplicity, and
qualitative properties of the solutions. Additionally, there are several works focusing on the nonlo-
cal fractional p(x)-Laplacian with variable order [15-17, 19, 21, 22] and their references therein. For
instance, in [19], the authors studied the existence and multiplicity of solutions for the following frac-
tional p(-)-Kirchhoff type problem with a variable order s(-):

1 v(x) = vyl 56) PO-2,( 1y — in RY
M(ffmv p(x, y) |x — y|Vpensten dxdy | (=A),;v(x) + I v(x) = pg(x,v) - in RY,

Ve W‘Y(')’p(')(RN )’

(1.2)

where (x,y) € RY x RY satisfies the condition N > p(x,y)s(x,y), s(-) : R* — (0,1) and p(-) :
R*M — (1, 00), and p(x) = p(x, x) for x € R, M is a continuous Kirchhoff-type function, g(x,v) is a
Carathéodory function and u > 0 is a parameter. The authors obtained at least two distinct solutions
for the above problem by applying the generalized abstract critical point theorem. In addition, under
weaker conditions, they also proved the existence of one solution and infinitely many solutions using
the mountain pass lemma and fountain theorem, respectively.
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Motivated by the aforementioned works, the present work aims to study the problem (1.1) men-
tioned above. The main difficulties and innovations lie in the form of the new Kirchhoff functions
M(s) = a — bs”, derived from the negative Young’s modulus when the atoms are spread apart rather
than compressed together, resulting in negative deformation. In the case a = 0, to overcome this chal-
lenge, inspired by [23], our main approach is based on the notion of the first eigenvalue associated with
our operator.

The specificity of this tool is that, in the literature, we only find the recent paper [23], in which
the authors introduce the s(, -)-fractional Musielak-Sobolev spaces WL, ,(Q). By employing
Ekeland’s variational principle, the authors establish the existence of a positive value 4™ > 0 such that
for any A within the interval (0, ™), it serves as an eigenvalue for the following problem:

a(x,)

@) (=A)* = Auff%u in Q,
“ u = 0 inRV\ Q,

where Q is a bounded open subset of RY with a C*!-regularity and a bounded boundary conditions. It is
noteworthy that this operator represents a generalization of (—A);(('.)) (whenever we take a(, ) = P72y,
Thus, this characterization is applicable in our case.

Throughout this work, the functions s(-) and p(-) satisfy the following conditions:

(Hy): s(x,y) is a symmetric function, i.e., s(x,y) = s(y, x), and we have

0<s := inf s(x,y)<s" := sup s(x,y) <l
(x,y)EQXQ (x,)EQXQ

(H,): p(x,y)is a symmetric function, i.e., p(x,y) = p(y, x), and we have

l<p = inf pl,y)<p':= sup p(xy) <oo.
(x,y)EQXQ (x,)€QXQ

For any x € Q, we denote
P(x) := p(x,x), $(x):= s(x,x).

Moreover, it is also assumed that the function p(-) satisfies the following condition:

min{p (y+ 1),q (ki + 1),r (ky + 1)} > p". (1.3)
Now, we are ready to state our main results.

Theorem 1.1. Let a > 0. Assume that (H,)—(H,) and (1.3) are satisfied. Then, for all A > 0 and 8 > 0,
the problem (1.1) possesses a nontrivial weak solution in X.

Theorem 1.2. Let a > 0. Assume that (H,)—(H;) and (1.3) are satisfied. Then, for all 1 > 0 and 8 > 0,
the problem (1.1) admits an unbounded sequence of solutions in X.

Moreover, we also obtain the following existence results for problem (1.1) in the case a = 0.
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Theorem 1.3. Let a = 0, Ay be the first eigenvalue associated with our operator (For more compre-
hensive details and references, we recommend referring to [23]), and

BN R+ D)
4C(r+)k2+1(k2 + 1)pq‘(k1+l)—r+(kz+l) ’

1 = ifA>0,8<0,
AL (x)(r ) (ky + 1)

B = _4C(q+)k1+1(k1 + 1)pr kot D=g"(ka+ 1)

ifd1<0,8>0.

If the following conditions are satisfied:
A1<0,B8€ (0, and r*(ky + 1) <min{(y + Dp~,q (ki + 1)},
A1€(0,0),8<0and g*(ky + 1) <min{(y + Dp~,r (ky + 1)}, (1.4)
1<0,8<0andrf(ky+1)<q (ki +1)<(y+1p,
then problem (1.1) has infinitely many solutions in X.

However, as far as our knowledge extends, there are no existing results regarding the existence and
multiplicity of solutions for problem (1.1) involving the new tri-nonlocal Kirchhoff function and the
p(x)-fractional Laplacian operator with variable order.

The structure of this paper is as follows: In the second section, an abstract framework is presented,
where we provide a review of some preliminary results that will be utilized throughout the subsequent
sections. The third section is specifically focused on presenting the Palais-Smale condition separately
for the cases of @ > 0 and a = 0. The subsequent sections are dedicated to proving the main results of
this study.

2. Abstract framework

2.1. Generalized Lebesgue and Sobolev spaces

In this section, we provide a brief review of the definition and key results concerning Lebesgue
spaces with variable exponents and generalized Sobolev spaces. For a more comprehensive under-
standing, interested readers are referred to [1,2,24] and the references therein.

For this purpose, let us define

C.(Q) := {h: h e C(Q) and h(x) > 1 for all x € Q}.
For p(-) € C,(Q), the variable exponent Lebesgue space LPY(Q) is defined by
LP9(Q) := {u : Q - R measurable and fg u(x)[PVdx < oo}.
This space is endowed with the so-called Luxemburg norm given by
il =l = int(o > 0+ [ (=20 < 1)
and (L"(Q), |ul »() becomes a Banach space, and we call it a variable exponent Lebesgue space.

Now, in order to claim the (PS) condition cited in Section 3, we state the following lemma for the
variable exponent Lebesgue spaces (see [3, Lemma A.1])
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Lemma 2.1. Assume that hy € L*(Q) such that hy > 0 and hy # 0 a.e. in Q. Leth, : Q — R be a
measurable function such that hyhy > 1 a.e. in Q. Then for any u € L"O"0(Q),

aal" Ol < ||””Z:_(-)h2(-) + ||“”Z:+(-)hz(-)'
The generalized Sobolev space, denoted by W*P(Q), is defined as follows
WEPOQ) = {u € LP(Q)| D*u € LPO(Q), |o < k)
where o

D'yu= ——u
a1 PR N
ox| oxy

N
with @ = (a1, ...,ay) is a multi-index and || = Z a;. The space WhPO(Q), equipped with the norm
i=1

ey = D 1D s,
lr|<k

is a uniformly convex, separable, and reflexive Banach space.

2.2. Fractional Sobolev spaces with variable exponents

In the present part, we recall some properties of the fractional Sobolev spaces with variable expo-
nents which will be useful in the rest of the paper. For more details, we can refer to [14,21,22,25,26].

In the present part, we give the variational setting of problem (1.1) and state important results to
be used later. We set Q := R*V \ (CI?N X CI?N) and define the fractional Sobolev space with variable
exponent as

X = WS(X,Y)E(X),P(X,)’)(Q)
= {u ‘RN S R :uy, € IPY(Q),
R

Q

NP | x — y|N+sey)p(xy)

dxdy < oo, for some n > O}.

The space X is equipped with the norm

llullx == lletll ooy + [lx;

where [u]y is the seminorm defined as follows

_ (x,y)
[u]X:inf{n>O:f lu(x) = Q)" dxdy < 1).
Q

NPy x — y|N+sey)pley

Then (X, || - ||x) is a separable reflexive Banach space.
Now, define the subspace X, of X as

Xo=={ueX:u=0ae. in QY}.

We define the norm on X, as follows

— p(x.y)
lullx, := jnf{n 50 - f lua(x) — u(y)| dxdy < 1}.
Q

NP | x — y|N+sCe)p(xy)
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Remark 2.1. For u € Xy, we obtain

_ p(x.y) _ p(x.y)
f |u(x) — u(y)| dxdy = f |ue(x) — u(y)| dx dy.
Q RN

nPEY)|x — y|N+sCeypiey) (g PPE)|x — y|N+sCeypey)

Thus, we have

- p(x.y)
lully, := inf {n > 0 : f lu(x) — u(y)| dxdy < 1),
N

RN NP |x — y|N+sCeypiey)

Now we state the following continuous and compact embedding result for the space X,. The proof
follows from [27, Theorem 2.2, Remark 2.2].

Theorem 2.1. Let Q be a smooth bomlded domain inR", s(-,-) € (0, 1) and pG,-) satisfy (Hy) and (H;)
with s*p* < N. Then, for any r € C.(Q) such that 1 < r(x) < pi(x) for all x € Q, there exits a constant
C =C(N,s, p,r,Q) > 0 such that for every u € X,

llullro@) < Cllullx,-

Moreover, this embedding is compact.

Definition 2.1. For u € X, we define the modular py, : Xo — R as

_ (x,y)
px, (1) := f Ju(x) = uy)™™ dx dy. 2.1)
RN

RN | X — y|N+S(x,y)p(x,y)

The interplay between the norm in X, and the modular function py, can be studied in the following
lemma.

Lemma 2.2. Let u € Xy and px, be defined as in (2.1). Then we have the following results:
(i) Nlullx, <1 (= 1;> 1) if and only if px,(u) < 1(= 1;> 1).

(ii) If llullx, > 1, then |lully, < px, () < |lully,.

(iii) If Wl < 1, then lully, < px, (1) < |y,

The next lemma can easily be obtained using the properties of the modular function py, from Lemma
2.2.

Proposition 2.1 ( [19,28]). Let u,u,, € Xy, m € N. Then the following two statements are equivalent:
(i) lim [l — ullx, = 0,
(it) lim px,(u, —u) = 0.

Lemma 2.3 ( [27, Lemma 2.3]). (Xo, || - llx,) is a separable, reflexive and uniformly convex Banach
space.
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3. Checking of the (PS). condition:

In this part, we will use as the space of work, the space X, and by simplicity we will denote this as
X instead of X in the rest of this paper.
Considering the variational structure of (1.1), we look for critical points of the corresponding Euler-
Lagrange functional 7,4 : X — R, which is defined as follows:

I ( ) - a0 ( )_ L(o‘ ( ))y+1 B A f 1 | |q(x)dx ki+1 B ﬁ f 1 | |r(x)dx ko+1 (3 1)
M= ATt T L T e o+ 1\Jg g0 o+ 1\Jg r0™ '

for all u € X. Itis important to note that 7, gisa C !(X,R) functional, and its derivative can be computed
as follows:

, Ju(x) = u)PI2 (u(x) — u@)Gx) — ¢())
Tyt = [a=blow)] [ R dxdy
ky ky
- ﬂ( f LIulq’(”)dx) f "™ ugpdx — ﬁ( f L|u|’<x>dx) f ul" 2 ugdx,
a q(x) Q o r(x) Q

(3.2)

for any v € X. Consequently, critical points of 1,z correspond to weak solutions of (1.1).

3.1. The (PS). condition for a > 0

Lemma 3.1. Assuming that (1.3) is valid, then the functional 1,z satisfies the Palais-Smale condition

v+l

at level ¢, where c € |0, Ia ’ T

by + &

Y

y+l
Proof. Let u, be a (PS)c sequence of 7 A, with ¢ € |0, la = | This implies that the following
b + 77
conditions hold:

T 5(u,) = c, I;,B(u,,) —-0inX", n— oo, (3.3)

where X* denotes the dual space of X.

Step 1. We aim to prove that the sequence u, is bounded in X. By assuming the contrary, i.e., supposing
that u, is unbounded in X, so up to a subsequence, we may assume that ||u,||y — oo asn — oco. we
have

pre+ L+l > p™Top(un) = (T g(uty), 1)

= +(ao’ (u,) — L (0' (u ))qerl - A f 1 u Iq(")dx o
- p pxy)\Un ,y+1 px,y)\Un kl +1 o q(x) n

B ,8 1 o ky+1
k2+1(fQ ool dx) )
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7’ |un(-x) - un(y)lp(xy) (x) . (x)
( O'p(x,y)(un)) js;x |x _ y|N+p(x,y)s(x,)) d -A |u |q dx 5 |un|q dx
ﬁ(f —|Mn|r(x)dx) f|M |r(x)dx)
o r(x) Q
_ p(x.y) v+l
S ([ o)
)\ (r+ 1)(p ) Jaxa [x = yFrpaste

A p ki+1 ﬁ p+ fot1
TR oA1d - f nr(’f)d) 3.4
(TW( ®H¢Mﬁxﬁml g 4th( %+DW)(JM ¥) G

From (1.3) and the fact thaty > 0 and k; > O for i = 1, 2, it follows that

+

— p— > 0’
(y+ D(p7)
p

- >0, 3.5
ki + D) )
p

T

We deduce from (3.4) and (3.5), that

b * () = u, ()P v+l
pre+ 1+l > (1—- P )(f‘ b — O )
(p*)y (y+ D(p) [\ Jaxa |x — yN+penstey

If the sequence (u,,) is unbounded in X, we can assume, by passing to a subsequence if necessary, that
|lun]lx > 1. Considering the previous inequalities, we have the following:

(r+1)
)ll wlly ™"

+

P

b
1 Wl = ]l-—
pret bl = @m( o+ Do)

which is absurd since (y + 1)p~ > 1. Thus, {u,} must be bounded in X, and the first assertion is proven.
Step 2. Now, we aim to demonstrate that the sequence {u,} has a convergent subsequence in X. Ac-
cording to Theorem 2.1, the embedding X — L™ (Q) is compact, where 1 < 7(x) < p*(x). Since X is
a reflexive Banach space, passing, if necessary, to a subsequence, there exists u € X satisfying:

U, = uin X, u, — uin L9(Q), u,(x) — u(x), a.e. in Q. (3.6)
From (3.2), we find that

<I/13(u) U, — u)
- [a b 0'p(x y)(un) f ) - u”(y)|p(x’y)_2(u”(x) ~ i) ~ ul)) = Ginly) - uy))) dxd
Qx

|x — le"'P(X,y)S(Xsy)

Q

1 ki 1
- /1( —Iunl”’(")dX) f Iunlq(")‘zun(un—u)dx—ﬁ( f —Iunl’(X)dX) f |t u, (1, — u)dx.
(x) Q o Hx) o
(3.7)

Communications in Analysis and Mechanics Volume 15, Issue 3, 551-574.



560

Furthermore, utilizing Holder’s inequality and (3.6), we can estimate:

flunlq(X)_zun(un_u)dx < f|un|q(X)_1|un_u|d-x
Q Q
< Cljy g1 _
= |un| o) |Lt,1 u|q(x)
a1
-1 -1
< Cmax {lluallf ™ Noally, ™}ty = . (3.8)

Therefore, thanks to the convergence result (3.6), we can deduce that
|, — ulyy = 0 as n — oo. 3.9

By combining the boundedness of {u,} in X with the estimates (3.8) and (3.9), we can conclude that

lim | w9 2u,(u, — u)dx = 0.

—00
n Q

As {u,} is bounded in X, there exist positive constants ¢; and ¢, such that

1
¢ < f ——|u,|"dx < cs. (3.10)
Q C](X)
So, we have .
1 1
( f —|un|q<x)dx) f |4, 20, (u, — u)dx — 0. (3.11)
o q(x) Q
Similarly, we obtain
1 k2
lim ( f —|un|’<x)dx) f |t 20, (1, — u)dx = 0. (3.12)
noeo \ Jq 1(X) Q

By (3.3), we have
(L), uy —uy — 0.

Which means, based on equations (3.11) and (3.12), that

— 0.

(3.13)
Since {u,} is bounded in X, passing to a subsequence, if necessary, we may assume that when n — oo

1 (%) — ()P
O pay)(Un) = f TE—— dxdy — ty > 0.
oxa P(x,y) |x — y|N+sGeyptey

_ ()2 _ _ _ _
[a—b (Up(x,”(un))y] fQ QIun(x) U Pt (X) — ()@t (X) — u(x)) — (Ua(y) u(y)))dxdy

|x — N +PEsCey)

Considering two cases: fyp = 0 and #, > 0. Now, proceed with a case analysis. First, if 7y = 0, then the
sequence {u,} converges strongly to # = 0 in X, and the proof is concluded. However, if #, > 0, we will
further examine the two sub-cases below:

Subcase 1. If 1, # (9) thena—b (f
b o

subsequence of

1 fun(x) = )P
<0 P(x,y) |x — y|NFsxpey)

Y
dxdy) — 0 is false, and there is no
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1 () = u,(y) P Y |
a—b f lut,,(x) uv Ol dxdy| — 0} that converges to zero. Thus, we can find a posi-
axa P(x,y) |x— y|N+3(xay)p(x,y)

tive value 6 > O such that

_ () Y
a—b(f T fun(x) = uaO)I? ydxdy)

axa P, y) |x — y|V+sCenpey)

>8>0,

for sufficiently large n. As a result, we can conclude that the set

1 - p(xy) Y
{a - b( f 14,() = () a’xdy) = 0} is bounded. (3.14)

axa P(5,Y) |x — yN+senp@y)

Subcase 2. If 1, = (g)y, then

1 (%) = 1, ()P y
a—b f ) =P N
axa P(5,Y) |x — yNrsenptey

We define

/l ki+1 ﬁ ko+1
- oy + " , forallu e X.
() k1+1(f et x) k2+1(f o x) oraftu

Then

1 b 1 &
(@' (w),v)y = /l( f —|u|q(x)dx) f |7 uvdx + ,8( f —|u|r(")dx) f lul" 2 uvdx, forall v € X.
o q(x) Q o r(x) Q

It follows that

k1 kl
(@' () — @' (w),vy = A[( f ! |un|q(x)dx) f |u,,|q<x>—2unvdx—( f Iulq(")dx) f Iul‘I(x)_zuvdxl
o q(x) Q q(x) Q
k2
+ ﬁ[( f LIunl“’”dx) f Iunl’(")‘zunvdx—( f Iulr“‘)dx) f ||~ zuvdxl
o rx) Q o r(x)

To complete our proof we require the following lemma.

Lemma 3.2. Suppose we have sequences u,, and u belonging to X such that (3.6) is satisfied. Then,
passing to a subsequence, if necessary, the following properties hold:

) 1 .

(i) lim ( f |ty |q(x)dx) f || ™2, vdx — ( f —Iulq(")dx) f |u|q<x)_2uvdxl =0;
oo q(x) o q(x) Q

(ii) lim ( f —Iunlr(x)dx) f |4, 2w, vdx — ( f ()Iul’(x)dx) f ||~ Zuvdx} 0;
n—oo r

(iit) (¢'(un) = ¢'(w),v) > 0, v e X.
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Proof. By (3.6), we have u, — u in LPY(Q) which implies that
"2, — @20 in Lt (Q). (3.15)

From (3.10) we deduce that

Cll‘l < (jg; %|un|q(x)d ) (f |q(x)dx) l < C];. (3.16)

Due to Holder’s inequality, we have

1 ki
f |4, |1V x flunlq(X)_zuanx f |u|?dx flulq(x)_zuvdx
q(x) q(x) Q
_ ( f —|u |‘I(x)dx) f Ju4,, |99~ 2unvdx+( f @Wmdx) f )" 2y (=v)dx
Q Q

cll f (It 2u, — [l uyvdx
Q

Al 2, = 2

IA

IA

‘ q(x) |v |LI(X)
q(x)-1

IA

k -2 -2
C 210, = 1?2, IWllx = 0.

q(x0)-1

By making a minor adjustment to the aforementioned proof, we can also establish assertion (i7), but
we will omit the specific details. As a result, by combining parts (i) and (ii), we can conclude assertion
(iii).
Consequently, [l¢"(u,) — ¢'(W)llx- — 0 and ¢’ (u,) — ¢’ ().

We are now able to conclude the proof of Subcase 2. Utilizing Lemma 3.2 and taking into account

_ (ry)-2 _ -
the fact that (I, 4(u),v) = [a— b(O'p(x,y)(u))y] f u(x) — uP"2(u(x) — uly)(v(x) v(y))

, Ox0 |x — y|N+I7(X )s(x.y)
(¢'(w), v),

— (%)
(ﬁA%MOHOmwa—%f L) ~ P

Y
o PO x = PGP dxdy) — 0, then we can infer that

¢'(uy) = 0 (n— o), e,

1 k1 k2
(¢"(n),vy =2 (f |u|"(x)dx) f [u|"2uvdx + B (f Iulr(")dx) f lul" @ 2uvdx, forall v € X,
a q(x) Q o r(x) Q

and therefore

k[ k2
a( f ! |u|‘1(x)dx) ()" u(x) + ﬁ( f L|u|’<x>dx) ()" 2u(x) = 0 for a.e. x € Q.
o q(x) o r(x)

By invoking the fundamental lemma of the variational method (see [29]), we can conclude that u = 0.

Hence,
1 1 ki1+1 ﬁ 1 ko+1
) = ; ey + , uoy
Pln) = = U; q(x)lu | x) ko + 1 (fg ol x)
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A 1 k1+1 ﬁ 1 k2+1
a® g ™d =0.
*kuﬁﬁﬁaww x) +b+JmeM x)

Hence, we can deduce that

1 () — 1, ()P b 1 LX) — 10, (y) [P r+l
o) = a f 4 () = w, " dy - f |t (x) — u Q)| dxdy
’ axq P(X,Y) [x = yNHsCenptoy) v+ 1 \Uoxa p(x,y) |x — y|N+snpy
k1+1 k2+1
A 1 1
- f |u|q(x)dx _ 18 f |u|r(x)dx
ki +1\Jqg g(x) ky + 1\ Jg r(x)
1
- — .
(y+ 1)b>
rl
a”

Therefore, we have reached a contradiction since 1 3(u,) — ¢ € |0, -

"
by + &£
Y

1 n — Un p(xy) Y . o
Then a — b f |M ()C) u ()’)| dx dy — (0 is not true. Slmllarly to Subcase 1, we can
axq P(x,y) |x — y|VHseenpey)

argue as follows:

1 () = u, (y) P Y
a-b f bnkg) (y~)| dxdy| — 0p is bounded.
axo P(X,Y) |x — yVrs@npy)

So, combining the two cases discussed above, we can conclude that:

- 0.

f J1,(X) = uaDIP 72 (%) = 1, () (110 (%) = 1(x)) = a(y) = u(y))) dxdy
QxQ

|x — y|N+p(x,y)S(x,y)

Therefore, by invoking the (S.) condition and Proposition 2.1, we conclude that ||u,|[xy — |lu||x as
n — oo, which implies that 7, 4 satisfies the (PS). condition. Hence, the proof is now complete.

3.2. The (PS), condition fora = 0

Lemma 3.3. Assuming that (1.4) is valid, the functional 1,z satisfies the Palais-Smale condition at all
levels c € R.

Proof. Let {u,} be a (PS). sequence of 1,4, that is
I 5(u,) = c, f'w(un) —-0inX", n— oo, (3.17)

where X" is the dual space of X.
Step 1. We will prove that {u,} is bounded in X. Let us assume by contradiction that {u,} is unbounded
in X. Without loss of generality, we can assume that ||u,|[x > 1 for all n. Take

9<mm{W+D@W“1@H4X¢W“(M+DWV”}
(p+)y ’ (q+ )k] ’ (r+ )kz ’
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then, we have

c+ 1+ llullx = Lapu,) - <I/1ﬁ(un) Un)

_)% (Up(x,w(un))y+1 -

_é ([—b(O'pu,y)(”n))V] f

Q

- B f—lunlr(")dX) flu I’(x)dx)
o r(x)
|un(x) - un(y)|p(x,y)

1
9(p+)7 (y+ 1)(p‘)“YJrl ) (fs;xg |x — y|N+pxy)sCey)
1 1

ki+1
_ q(X)d
O(gHkt  (ky + 1)(g k! ) (fg i x)

1 1 o ko+1
00 (ky + 1)(;»—)k2+1)(fQ |utn| dX)

1 1

lut () — ()P
<O |x — y|N+p(x,y)S(x,y)

-]

\%
S

/l 1 ki+1 ﬁ 1 ky+1
q(x) d _ r(x) d
M+Jﬁamm"a b+d£dﬂm x)

1 ki
—Iunl"(")dX) f |ua, |7V x
q(x) Q

y+1
dxdy)

\%
S

(p+)Y
1 1

ko+1
_ r(x)
0rtye (ko + D(r)et! ) (fg e dx) '

For simplicity, denote

1 1
A = b - ,
: 6(p+) <y+1><p->7+1)
1 1
A, = 2 - :
? 0gHh  (ky + 1)(q->k'+l)
1 1
= p 0<r+>k2_<k2+1><r->k2+1)'

Using (3.18) and (3.19), we can write

k2+1
¢+ 1+ |lunllx —As (f Iunlr(X)dX) ,
Q

(y+D) ky+1
Al g7 < 40 "
c+ 1+ |lullx — Az |ue,| " dx ,
Q

c+1+|ully, ifd<0,8<0.

Communications in Analysis and Mechanics

1 1 ki+1
_ ; (y+Dp~ 1 _ f nq(x)d )
o 1)<p—)7+1)”” e+ (0<q+>k' " 1)<q—>'<'+1)( o

(3.18)

(3.19)

ifA4>0,8<0.

if1<0,8>0.
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¢+ 1+ lullx — Asllually @0, if 1> 0,8<0.

IA

¢+ 1+ lully — Aallg | “*D, if 1< 0,8 > 0. (3.20)

c+1+|ully, ifd<0,8<0.

It follows from (1.4) and (3.20) that {u,} is bounded in X.
Step 2. We will now demonstrate that the sequence {u,} possesses a convergent subsequence in the
space X. According to Theorem 2.1, the embedding X < L™™(Q) is compact where 1 < 7(x) < p’(x).
Since X is a reflexive Banach space, passing, if necessary, to a subsequence, there exists u € X such
that

U, = uin X, u, — uin L9Q), u,(x) — u(x), a.e. in Q. (3.21)

From (3.2), we find that
<‘Z-:Lﬂ(u)7 U, — M)
- _p (U - ))y f 4 () = uDIP 72 (1t () = () (Wt (x) — u(x)) = (1t (y) — M(y)))dxdy
= pey)\Un

|_x — y|N+P(X,y)S(X,y)

QxQ
1 b 1 k2
- /1( f —Iunl"(”dX) f |72 10, ty, — )l x ~ ﬁ( f —Iunl’(x’dX) f a2 (1, — udlx
a q(x) Q o 1(x) Q
(3.22)
So, we have
1 ki
(f71mmm)jﬁmwwmﬁmmaa (3.23)
a q\x Q
Similarly, we obtain
1 k2
hm(f—q%wwg‘fmwmﬂm%—mmzo (3.24)
n—eo\ Jo r (x) Q

By (3.17), we have

(L g(w), uy —uy — 0.
So, based on the expressions (3.23) and (3.24), we can conclude that (3.22) leads to the following
implications:

t (%) = P72 (0t (%) = 10, () (U (%) = (X)) = (n () = u(¥)))
-b (O-p(x,y)(un)) o0

|x — y|N+P(X,y)5(X,)’)

dxdy — 0.

(3.25)
Since {u,} is bounded in X and b > 0, we have

1 _ p(x.y) Y
{—b (f |1, (x) — u, ()| dx dy) N ()} is bounded.
Q

wo P(X,y) [x — yN+sCep(ey)

Therefore, we can conclude from the two aforementioned cases that

f (%) = 1t IPD72 (0t (%) = 10, (0)) (U (%) = 0(x)) = (n(y) = u(¥)))
QxQ

|x — y|N+P(X,y)S(x»)’)

dxdy — 0.

Therefore, by utilizing the (S,) condition and Proposition 2.1, we can deduce that ||u,||x — |lullx as
n — oo, indicating that 7,4 satisfies the (PS). condition. This concludes the proof.
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4. Proof of Theorem 1.1

In this part, we will prove Theorem 1.1 by applying the mountain pass theorem, see [29].

Lemma 4.1. Assume that (1.3) holds. Then there exist p > 0 and a > 0 such that 1 g(u) > a > 0, for
any u € X with ||ullx = p

Proof. Let u € X with ||u||x < 1. From (3.3), Lemma 2.2 and Sobolev immersions, we get

b )/+1 /l k1+1 ﬁ k2+1
I = Yy _ . — q(x)d _ f r(x)d
) pan(®) = 3 (7 ) kﬁ4(f¢)” ) b+1(gmﬂ' )
k]+1
a + b A
S PRI pr+l) _ f a g
= e = g e k1+1<q-)'<'+1 o
1 ko+1
_ B ( f Iulr(x)dx)
ky + 1 (rkt\ Jg
q “(ki+1) r (k +1)
> - g - A g - 2yt
- P+ X 1()k1+1 +1 (ryer!
q “(ki+1)
> (e p-(y+D)=p* _ g (ki+1)-p*
> |mux(p+ (piy+%y_kl)n|u» Y= yrH||n
r (k2+1)
ky + 1( —yart 1

Hence, based the fact that ||u||x < 1 and p satisfies condition (1.3), we infer the result.

Lemma 4.2. Assume that the conditions (H,),(H,), (1.3) hold. Then there exists e € X with |le|lx > p
(where p is given by Lemma 4.1) such that 1 g(e) < 0.

Proof. Let ¢y € C;(R2). According the condition (1.3), for # > 1 large enough, we have

at” o b+ ——— 1@ ta+) o ki+1
I p5(tdy) < ?”(PO”X —W”%” o + 1)(q+)k1+1 |¢| dx

Bt ket D) f » ka+1
_ rx d .
G+ e g

If condition (1.3) holds, then 1, 4(t¢y) — —o0 as t — oco. So, for some #, > 1 large enough, we deduce
that ||fo¢ollx > p and T, g(to¢po) < 0. Choosing e = fy¢, the proof of Lemma 4.2 is completed.

Proof of Theorem 1.1.

It follows from Lemmas 3.3, 4.1, 4.2 and the fact that 7, 3(0) = 0, 7,4 satisfies all conditions of the
mountain pass theorem [29]. Thus, problem (1.1) admits a nontrivial weak solution.

5. Proof of Theorem 1.2

Since X is a reflexive and separable Banach space, there exist ¢; € X and ¢; € X™ such that (¢;, ;) =
0;; where 6 means the Kronecker symbol.

Communications in Analysis and Mechanics Volume 15, Issue 3, 551-574.



567

We denote

X; = spanfe;,i =1,2,---}, X; = spanfel,i=1,2,---}.

1

Now, we consider X; = {¢;} and denote

X=8E%, himelX. Z=55%
Theorem 5.1 (Fountain Theorem, see [29]). Let Xy be a Banach space with the norm || - ||x, and let X;
be a sequence of subspace X, with dimX; < o for each i € N. In addition, set

Xo =02 X, Yi=0L X, Zi=&7X
For each even functional J € C'(Xy,R) and for each k € N, we suppose that there exists p, > yi > 0
such that

(1) a,:= max Ju) <0,

ue Y llullxy=pk

(2) by = inf  J(u) > +oo, k = +o0,
UEZp|lullxy =vk

(3) The functional J satisfies the (PS). condition for every ¢ > 0.
Then J admits an unbounded sequence of critical values.

To prove our result, we will use the Fountain theorem 5.1. So, this proof is divided in several
lemmas given as follows

Lemma 5.1. (see [26]) If q(x), r(x) € C+(§) satisfying 1 < q(x), r(x) < pi(x),Vx € Q and let denote

by
& = sup{lulye llullx = 1, u € Zi}, & = sup{lulyo, llullx = 1, u € Zi}.
Then
(=0 i =0
Lemma 5.2. The functional I,z verifies the following property a, :== max I g(u) < 0, where the

ueYy,llull=px
space Yy is given in Theorem 5.1.

Proof. Let 4,8 > 0. Since Y, = EszlXi, then dimY, < oo or all norms are equivalent in the finite
dimensional space. With u € Y} such that ||u||x > 1, we have

I /l,ﬁ(u)

ao ey () —
Y

IA

IA

Dy - ——b o : (f Iu|q<x>dx)kl+l
p X (pyrtiy+ 1) X (ky + D(gH) ! \Ja

,8 ko+1
_ r(X)d
(ky + D(rt)er] (fg g x)

Hence, using the embeddings L/ < X and L"Y < X (see Theorem 2.1) and based the inequality

(1.3), weinfer that g, := max Iz(u) <0
ueYy,llull=pk
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ki+1 ka+1
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Lemma 5.3. The functional I,z verifies the following property by := Ziﬂlf|| J(u) = 400, k > +o0,
UELp,||U||=Yk

where the space Zy is given in Theorem 5.1.

Proof. Let u € Z;, with ||u||x < 1. So, we have

b WA Lo, B f 1 fatl
X i — Xy — d — r(x)d
@ = 7 (e - (fg @) e Uy
k1+l
a p* b p(y+1) A 1 f q(x)
— - - d
p+||u||X (p_)7+l(')/+ 1)||u||X kl N 1 (q_)kl+1 Qlul X

k2+1
S lul" ™ dx
ky + 1)\ Jg

So, we obtain

I /1,/3(”)

\%

%Huﬂfg _ m”u”ﬁ*(ﬂw —AC, = BC,, if |ulyw < 1, and |ul, < 1,

T,p5(u) > %llullf{ B m”””f{m:) — AC [&lullx 1T D = BC,, ifluly > 1 and |ul, < 1,
el = el 7 = AC, = BCIE Y, il < 1 and > 1
—lult} ~ Wnun?m” — ACLTEull 1T 4D — BOIENull ™D, i fulyo, [l > 1,

where,
1 1 - 1 1 +
C = C1 (k1+1)’ C = Cq ki+D
Tk + ()R Tk + 1 (g
and
! ; f(k2+1)’ C = 1 L r+(k2+1)_

"kt L)k ky + 1 (r )t

Hence, we have

a * “(y+1 “(ky+1 ~(kp+1
T op(u) > ;Ilullf( - lluel EAR ACT [&llullx]? D — pC (€ lullx]” ©D — Cap

(P iy +1)
So, based the fact that ]}im & = 0 and ]}im & = 0, we can deduce that for k sufficiently large, we

have & < 1 and ¢, < 1. Thus, we have by := Zirlllf” J() — +o00, k — +o00 since we have taken
UEZy | |ull=yk

llully < 1.
Proof of Theorem 1.2 We have that 7, 3(u) belongs to C Y(X,R), even functional and verifies the
Palais-smale condition. Moreover, we have

ar:= max Lgu) <0
ueYy|lull=pk
and
by:= inf Ju) > +oo,
ueZy,|lull=yx

for k — +oo. Then, by using the Fountain theorem, we deduce that 1 ,z(#) admits an unbounded
sequence of critical points.
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5.1. Proof of Theorem 1.3.

To prove Theorem 1.3, we shall use the following symmetric mountain pass theorem in [30]:

Theorem 5.2. ( [30]). Let E be a real infinite dimensional Banach space and I € C'(E) satisfying
the Palais-Smale condition. Suppose E = E~ @ E*, where E~ is finite dimensional, and assume the
following conditions:

1. Iis even and 1(0) = 0,
2. there exist @ > 0 and p > 0 such that I(u) > « for any u € E™ with |lul| = p;

3. for any finite dimensional subspace W C E there is R = R(W) such that I(u) < 0 foru € W,
llull > R;

then, I possesses an unbounded sequence of critical values.

Lemma 5.4. Assume that (1.4) holds. Then there exist p > 0 and a > 0 such that 1 g(u) > a > 0, for
any u € X with ||ullx = p.

Proof. Let u € X with ||ullx = p € (0, 1). Following, let denote by 4,(x) the eigenvalue related to
our operator. By using the Sobolev immersions, we get

b il 1 1 ki+1 ,8 1 ko+1
I - _ . _ Q(X)d _ f r(X)d
18(1) v+ 1 (0'17( o)(”)) kot 1 (L q(x)lul x) o+1\J, r(x)'ul X
ko+1 ki+1
i f 1o b oy A f 1
_ 0 g - p (y+l) _ q(X)d ,
o+ 1 g G+ T WA i
if4>0,8<0.
/l 1 k1+l b B ﬁ 1 k2+1
_ q(x)d - p(y+l) _ f r(x)d
> 4 T+l (fg a0 x) G+ ko + 1 ( wreo A
if1<0,8>0.
/l 1 ki1+1 ﬁ 1 ko+1 b B
_ q(X)d _ r(X)d - p~(y+1)
P (fg 2o x) G+l (fg o x) T
if1<0,8<0.
S 1 pu. A 7 £ B — VTR
ko+1 —\y+1 X —\k1+1 X ’
) (ky + 1) (P iy + 1) (G ok + 1)
if4>0,8<0.
_ /l/ll(x) ||u||q+(k1+1) _ b ||u||p_(y+l) _ CB ||u||r_(k2+1)
ki+1 —\y+1 X —\kr+1 >
> 4 @)+ 1) (P iy + 1) ) (ky + 1)
if4<0,8>0.
A ey Py Do
ki+1 +\ko+1 —\y+1 X ’
(@ ky + 1) ) (ky + 1) Py + 1)
if1<0,8<0.
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Thus,
o e [ BAi(x) _ b et Gl I Ca A
(r el + 1) (p iy +1) (g7 )tk + 1) ’
if1>0,8<0.
e [ A b o7 =gt | s e+
Lap(u) > (gt +1)  (p iy +1) (rYeti(ky + 1) ’
if1<0,8>0.
pr+(k2+1) _ BAi(x) _ b pp’(y+l)—r+(k2+l)
(r*Yetl(ky + 1)  (p)y iy +1) ’
if1<0,8<0.
Choosing
r _ 17~ (y+D=r* (ky+1)
. (P )y + DB ] .
O,min|1, |- Bl + 1) | , 1fA4>0,<0and1<0,6<0,
pE
r _ 1P —q* k1+1)
) (p )y+1(,y+ 1)/1/11()6) p~(y+1)—q( .
0, 1,|—- , fi1<0, 0,
T b | A<=

we deduce, for any u € X with ||ul]|x = p, that

BA(x) *(ky+1) % g+
- Pt _ WD if 1> 0.8 < 0.
2 (ks + 1) @) + D HA>0.5<
A4,(x) . CB ) .
T > _ qt(ki+1) _ r (k2+1)’ f1<0, 0.
W02 TGk + D) e+ 1) A<0p>
ﬁ/l]()(f) +(ka+1) .
_ Pt if 1< 0.8 < 0.
2 (ky + 1) ' p<

Now, we put

“ BL(X)(G ) (ki + 1) .
A= _4C(r+)k2+1(k2 + 1)p£I’(k1+1)—r+(k2+1)’ if 1>0,8<0.

. AL ey + 1) |
b= T 4C(gt Yt (ky + Dpr GatDa ta+D)” if1<0,5>0.

We can conclude that for any A € (0, %) (respectively 8 € (0,5%)) , there exists @ > 0 such that for any
u € X with ||ullx = p
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__ BAW)
A g 1 1)

pr*(k2+1) = > O, ifdle (O, ﬁ*)’ﬁ <0.

_ A41(x)
4(gH)+ (ks + 1)

Tap(u) > o7 kD .= o 50, ifd<0,B8¢€(0,5).

__ B kD) .
2(rt)ett(ky + 1) '

a>0, if1<0,<0.
We have completed the proof of Lemma 5.4.

Lemma 5.5. Assume that (1.4) holds. Then for every finite dimensional subspace W C X, there exists
R = R(W) > 0 such that 1 ,5(u) <0, for all u € W, with ||u|| > R.

Proof. Let R = R(W) > 1, for all u € W, with ||u|| > R, then, we have

b 'y+l /l 1 k1+1 ﬁ 1 k2+1
I - . — q(x)d _ f r(x)d
(1) Y+l (T pen @) p— (fg q(x)lul x) ol ( . r(x)lul X

b 'y+1 A 1 q( ) ki+1 ﬁ 1 f ka+1
oz . _ X d _ r(x)d ,
y+ﬂ“ﬁﬂm) h+MTW“(£W| g G 1o (Jo
if1>0,8<0.
b il A 1 oo B 1 j‘ fa+l
- . — d — ) 4 ,
Top(u) < 7+A%HW® h+1@%ﬂ(£M x e eyl LU
if1<0,8>0.
b 'y+] A 1 q( ) ki+1 B 1 f k2+1
_ ) _ P _ r(X)d ,
y+dm“ﬂm) h+M¢W“(LW| g G L | Jo
if1<0,8<0.

Therefore, as a consequence, all norms on the finite-dimensional space W are equivalent, implying the
existence of a positive constant Cy such that

ki1+1 ko+1
UMW@ zwww”mdfwwﬁ > Cyyllully ",
Q Q

Communications in Analysis and Mechanics Volume 15, Issue 3, 551-574.



572

Therefore, we obtain

b oo A _Cv e B Y

PG+ Bt 1 (g 10 )kz“ ’
ifA1>0,8<0.

S A i 0 — a4

Tsw < | oo T TG )k1+1 % +1(r+>kz+1 ’
if1<0,8>0.

S A L e T

1 X ki+1 ky+1 ’

PG+ St )1 o100

if1<0,8<0.

Then, it is deduced from (1.4) that 7, g(u) < 0. Hence, the proof of Lemma 5.5 is complete.
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