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Abstract: In this work, our main concern is to study the existence and multiplicity of solutions for
the following sub-elliptic system with Hardy type potentials and multiple critical exponents on Carnot

group

Yl O2u pr |l ulvl Yl .
— Agu = + + Ah(z) ———— in Q,
M= T2 dezay e
2°(B)-2 Y1321 || P22 |92
Ay = wPIvl % fz Y lulP Py ”h(z)w [v][7=*y hQ
d(z)p 2%(y)  d(z,20)” d(z)”
u=v=0 on GQ,

where —Ag is a sub-Laplacian on Carnot group G, a,8,y,0 € [0,2), d is the Ag-natural gauge, ¥ =
|[Vgd| and Vg is the horizontal gradient associated to Ag. The positive parameters A, g satisfy 0 <
A< oo, 1<q<2andpy, py> 1 with py + py = 2°(9), here 2°() := 2852, 2°(8) := Z&L and
2%(y) = % are the critical Hardy-Sobolev exponents, Q is the homogeneous dimension of the space
G. By means of variational methods and the mountain-pass theorem of Ambrosetti and Rabonowitz,

we study the existence of multiple solutions to the sub-elliptic system.
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1. Introduction and main result

In this paper, we are concerned with the system of sub-Laplacian equations with singular Hardy
potentials and coupled with terms up to critical power on the Carnot group G given below

YO0 py P vl Y |ul"u .
— Anll = + + lh(p)—— in Q,
MEur T2 dGay O
YEVE B2y py gl vy Y42y . (1.1)
— Agy = + + Ah(p)¥——— in Q,
VETUF T2 dzay O e
u=v=0 on 092,

where —Ag stands for the sub-Laplacian on Carnot group G, Q is a bounded domain in G with smooth
boundary 0Q and 0,zp € Q, d is the natural gauge on G associated with the fundamental solution
of —Ag, ¥ is the weight function defined as ¢ := |Vgd| and Vg is the horizontal gradient associated
with Ag. Further 2*(-) := Q(Q ) (- = a,B,7y) is the critical Hardy-Sobolev exponent, Q being the
homogeneous dimension of the space G with respect to the dilation. The parameters

@,B,y,0 €[0,2),4 € (0,0),q € (1,2) and py, po > 1 with p; + p> = 2°(y), (1.2)

and £ is a function defined on  satisfying

g 2*
id dz), h(z) > cy > 0 for some constant ¢y, where g. : L (1.3)

qx
hel (Q, d(Z)o- 2*(0.) _

A fundamental role in the functional analysis on the singular sub-Laplacian problem on Carnot
group is played by the following Hardy-type inequality

WP lul?

Hc . d@)?

——-dz < f \Voul’dz, Yu e Cy(G),
where ug = (Q2 )* is the optimal constant, which is not attained, and ¢ is 6,-homogeneous of degree
0, ¥ is a smooth function out of the origin. The preceding inequality was ﬁrstly proved by Garofalo
and Lanconelli in [1] for the Heisenberg group (see also [2]). Then, it has been extended to all Carnot
groups, see [3].

We look for weak solutions of (1.1) in the product space H := S (l)(Q) X S(l)(Q), endowed with the
norm

1
It V)b = g + VI )% Yuv) € H,

where the Folland-Stein space S (‘)(Q) ={uel¥(Q): fg |Veul’dz < +oo} is defined as the completion
of C°(€2) with respect to the norm

1
||u||s(1)(gz) = (f |VGM|2dZ)2, Yu e S(l)(Q)-
Q

Set S'2(G) = {u € L*(G) : |Vgu| € L*(G)}. For all @ € [0,2), we define the subelliptic Hardy-
Sobolev constant
[ IVouldz

ueS 2 @)\0) [yl gy

So =
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From [4], S, is independent of any Q C G in the sense that if

Jo IVouldz
SQ(Q) = eSlg)f;\ ol = |u| *(a)
ues (f wa dZ)2 (a)

then, S,(Q2) = S,(G) = §,. Note that the Euler-Lagrange equation corresponding to the minimization
problem for S, is, up to a constant factor, the following:
|u|2*(w)—2u )

—Agu =y*——— in G. 1.4

Gl =Y 40" (1.4)

In the case @ = 0, the existence of Sobolev extremals in the general Carnot case has been obtained

by Garofalo and Vassilev [5] by means of a suitable adaptation of Lions’ concentration-compactness

principles. In the singular case, i.e., when 0 < @ < 2, the existence of Hardy-Sobolev extremals has

been proved by Han and Niu in [4], in the general quasilinear case, for the subclass of the Heisenberg

groups. In [6], Loiudice extends this result for general Carnot groups, and states some qualitative

properties of such extremals, namely, the extremal function u € S '*(G) for S, up to a change of sign,
is positive and u € LP(G), Vp € (%, +c0], and has the following decay at infinity:

u(z) ~

1
W as d(Z) — 00.

Moreover, for any € > 0, the family of rescaled functions
_0=2
us(z) = & 2 u(61(2)) (1.5)

are solutions, up to multiplicative constants, of the equation (1.4) and satisfy

2<a> 0w
flv u|2dz_fw | — 2—(1
GUe d( )a oz .

For pi, p, > 1 and p; + p, = 2*(@), by the Young and Hardy-Sobolev inequalities, the following
best constant is well-defined on the space H\{(0, 0)}:

- Jo(Voul + VevP)dz
in

(u,v)eH\{(0,0)} |u|”1|v|”2 i )
(J p b= do)™@

pL.p2.@ —

From [7, Lemma 2.5], we known that

S pma = [(2) (%f)] S (16)

In recent years, much attention has been paid to singular problems involving both the Hardy type
potential and the critical Sobolev term on Carnot group. We refer the reader to [2-5, 8—12] and the
references therein. Singular problems with Hardy type potential and critical Hardy-Sobolev term have
also been extensively studied, see [6,7,13—18] and the references therein. Further, in [19-23], Pucci and
her collaborators have dealt with some subelliptic problems in the Heisenberg setting, while [24] has
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treated, in the Euclidean setting, a p-Laplacian problem with double critical Hardy type nonlinearities.
On the other hand, some authors also studied the critical sub-elliptic systems on stratified Lie group.
For example, Zhang [7] dealt with the problem

I3 WO ulP 2y Wl
—Acu = h(z) + Af(1)——— in Q,
i m d(z)” T p
2 e ulPr|v]Pr2y P2y (1.7)
—Agy = h(z) + ug(z)——— in Q,
i m @) AT
u=v=0 on 0Q,

where 0 € Q, L, u>0,1<¢g<2,0<a<2,0<6<2,py, pp> 1satisfying2 < p; + p, <2*(a). By
using the variational methods and Nehari manifold, the author proved that the sub-elliptic system (1.7)
admits at least two positive solutions when parameters pair (4, i) belongs to a certain subset of R2. In
a recent paper, Zhu and Zhang [18] considered the following critical systems

ylu Yelul " 2u Yl upl”
- - =A——+ —_— G,
Magr TN a9 Ty (1.8)
Yy YOy YlulP vy '
—Agv — 1p Az = ZW +ﬁP2f(Z)W in G.

By using the second concentration-compactness principle and concentration-compactness principle at
infinity to prove that the (PS ).-condition holds locally, the authors prove, thanks also to Theorem 1, a
new symmetric version of the mountain pass theorem due to Kajikiya in [25], existence of infinitely
many solutions of (1.8) under suitable conditions on 4;, 4, and 3.

The study of problem (1.1) is motivated by two reasons. First, as far as we know, little has been
done for critical singular sub-elliptic systems on Carnot group. Second, there are few results on sub-
elliptic systems with multiple critical nonlinearities. In addition, we point out that the methods used
in these above papers cannot be applied to sub-elliptic problem (1.1). To the best of our knowledge,
problem (1.1) has not been considered before. Due to the lack of compactness of embedding, the
associated functional of (1.1) fails to satisfy the Palais-Smale condition in general. Thus, the standard
variational argument cannot be applied directly. However, by using the concentration-compactness
principle [26,27], we can find a proper range of ¢ where the (PS).-condition holds for the associated
functional. Then we establish the existence of a positive local minimum for the associated functional
by the Ekeland variational principle [28] and use the mountain pass theorem [29] to find a second
positive solution. Moreover, another difficulty relies on the fact that every nontrivial solution of (1.1)
is singular at {z = 0}. So different techniques are needed to deal with the singular case. In order to
obtain our results, we need more delicate estimates.

Our main result is the following.

Theorem 1.1. Assume that (1.2)-(1.3) hold. Then there exists A > O such that for A € (0, A), problem
(1.1) has at least two positive solutions and among them one has negative energy, the other has positive
energy.

The paper is divided into three sections. Section 2 contains the main functional setting and
definitions, as well as an analysis of the PS condition in critical dimension. Finally, Section 3 is
devoted to prove the main result about the existence of negative and positive energy solutions of
system (1.1).
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2. Preliminaries and functional setting

In this section we recall some basic facts on the Carnot groups. For a compete treatment, we refer
to the monograph [30,31] and the classical papers [32,33]. We also quote for an overview on general
homogeneous Lie group.

A Carnot group (or Stratified group) (G, o) is a connected, simply connected nilpotent Lie group,
whose Lie algebra g admits a stratification, namely a decomposition g = @f.‘zl V:such that [V, V] = Vi
fori =1,---k—1and [V}, Vi] = {0}. The number £ is called the step of the group G. In this context
the symbol [V, V;] denotes the subalgebra of g generated by the commutators [X, Y], where X € Vi,
Y € V; and where the last bracket denotes the Lie bracket of vector fields, thatis [X, Y] = XY — Y X.

By means of the natural identification of G with its Lie algebra via the exponential map (which
we shall assume throughout), it is not restrictive to suppose that G is a homogeneous Lie group on
RY = RM x R™ x ... x R, with N; = dim(V;), equipped with a family of group-automorphisms
0y : G — G of the form

67()(:) = 57(x(1)’ x(2), T x(k)) = (ylx(l)’ T ')’kx(k))’ Y > 07

where x? € RV fori = 1,2,--- ,k. Here, N = Y* | N; is called the topological dimension of G and
0, 1s called the dilations of G. Under this automorphisms {9, },-¢, the homogeneous dimension of G is
given by Q = Zle i - dimV;. From now on, we shall assume throughout that Q > 3. We remark that, if
Q < 3, then G is necessarily the ordinary Euclidean space G = (R?, +).

Now, if {X;,--- , Xy, } (N; = dim(V)) is any basis of V;, the second order differential operator

N
AG = Z Xl2
i=1

is called a sub-Laplacian on G. We shall denote by Vg := (X}, - - , Xy,) the related horizontal gradient.
For z € G, the left translation on G are defined by

7..G—->G, 71()=z07.

Then, it is easy to check that Vg and Ag are left-translation invariant with respect to the group action 7,
and o0,-homogeneous, respectively, of degree one and two, thatis, Vg(u o 7,) = Vgu o 1., Vg(u o 6,) =
YVgu 06y, Ag(u o ;) = Agu o 7, and Ag(u o0 6,) = Y*Agu o Oy.

A homogeneous norm G, adapted to the fixed homogeneous structure is continuous function d :
G — [0, +00), smooth away from the origin, such that d(6,(z)) = yd(z) for every y > 0, dizh =d@z)
and d(z) = 0 iff z = 0. For the above gauge, when Q > 3, the function

I'(z) VzeG

= —d(Z)Q_2 s

is a fundamental solution of —Ag with pole at 0, for a suitable constant C > 0.
The variational functional I, : H — R associated to (1.1) is defined as

W’lulz*(“)dz_ 1 f’l’ﬁhip*(ﬂ)

(@) Jo d@)* 2°B) Jo dF

1 '/’7|M|pl|v|p2d /lfh(z)l// (lu|? + [v]7)
Q

T2 Jo dzy g ()

1
Liu, v) = Zi(u, Iz = > dz

dz,
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defined on the product space H. Without putting great efforts, it can be shown that 7, is well defined
and C'. Now we give the definition of a weak solution of the problem (1.1).

Definition 2.1. A function (u,v) € H is said to be a weak solution of equation (1.1) if (u, v) satisfies

al,,12%(@)-2
f Veu - Voo dz + f Vgv - Vapadz — f Mdz
Q Q Q d(z)”

_ YO 2vg, . Y ulP 2 v|P2
Q d(z) 24(y) Ja d(z,70)"
P2 W ulP P2 v, f Y (|l 2wy + VT vr)
— dz—A1 | h dz =
D e deay 2@ i ¢
Sfor all (Wy,y,) € H.

It is clear that the nozero critical points of I, in H are equivalent to the nontrivial solutions of (1.1).
Now we state the following inequality which will be used in the subsequence lemmas.

0

Lemma 2.2. [6] Let2 < p < 2*(a), 0 < a < 2, then there exists C, > 0 such that for all u € S(l)(Q),

a e \r
c,,( il dz) < f VeulPdz. 2.1)
Q

d(z)*
Q
Moreover, for p = 2*(a), the best constant in (2.1) will be denoted by S ,(Q), that is,

o Jy VeuPdz
Sa@ = _inf —

ues ()\{0} (fQ Y oL dz)ﬁ ’
Z

and it is indeed achieved in the case Q2 = G. Moreover, the extremal function for S, := S o(G) has the
following decay behavior at infinity:

u(z) = W as d(z) — oo.

Taking p > 0 small enough such that B;(0,p) C Q. Choose the cut-off function € C;(B4(0, p))
such that 0 <5 < 1 and n = 1 in B,(0, %), where B,(z, r) denotes the ball with center at z and radius r
with respect to the gauge d. Define the function

U:(2) = N(2ue(2),
where u, is given in (1.5). Then, we have the following estimates.

Lemma 2.3. [6, Lemma 6.1] Let the homogeneous dimension Q > 4, 0 < a < 2. Then the following
estimates hold when € — 0:

O-a
f Veul’dz = ST + 0(27?), (2.2)
Q
@ 2% () 0-a
%dz =S + 02, (2.3)
o d@)*
and ) 0
+ O(g¥ ), ) >4,
f Pz =5, PO > L 2.4)
Q cellngl+ 0(”), if Q=4.
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Taking into account the exact asymptotic behavior of Hardy-Sobolev extremals, we get the
following results:

Lemma 2.4. Assume that 0 < s <2, Q >4, 1 < g < 2°(s). Then, as € — 0, we have the following
estimates:

Cng ‘i(Qz)’ lf q>g ;’
VAL 0ms_ 202 0-s
dz =3Ce¥ 2 /|Ing|, i = , 2.5
L A z |In & if q= 0-2 (2.5)
qu'%, if g< g _;
Proof. For all 1 < g < 2%(s), as € — 0, it is easily seen that
VEQI f IO, f V@ T uGL @)
= z
o d@y d(z)* o d(z)*
5 q
B4(0,2) d(z)* Ba(0,2) g'd({)* (2.6)
P f 0w @)
Bi0.LNBsOpy ()

ﬁ
_a0 6 o [ 1
z& f o( O 2Drgrs—011 Jar,
PO
where the constant 0 < py < p small enough.

(1) If (Q —2)q + s — Q =0, straightforward computations yield

P

% 1 %1
f md}’ = f ;dr =ClIn |8| (27)
PO PO

So, (2.6) and (2.7) yield that

s q _2
f Yl@F s o0 1 el 2.8)
o d@)
(1) f(Q—-2)g+s—Q <0,it follows that (Q —2)g+s—-Q+1 < 1 and
% 1 %
— 0-s—(0-2)g-1 — —(Q—s—(0-2)q9)
]p; r(Q—Z)q+s—Q+1dr = fm r dr =Ce . (2.9)
Then, inserting (2.9) into (2.6), we obtain
d(z)s
(i) f(Q—-2)g+s—Q>0,wehave (Q—-2)g+s— Q+ 1> 1, then there exists C > 0 such that
5 1
| fp ] <€ 2.11)
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Therefore, by (2.6) and (2.11),

s q s
f VIl ), 5 coos242, (2.12)
o d@)°
Thus, (2.8), (2.10) and (2.12) imply that (2.5) holds. O

Lemma 2.5. Let (u,v) € H\{(0,0)} be a weak solution of problem (1.1). Then there exists a positive

constant C, depending on Q, o, a, q, |€| and ||hl|,,, @ 42 such that
> d(z)"

LG, v) > —C, A%,

Proof. Without loss of generality, we may assume that @ > 8 > y. Then, 2*(a) < 2*(8) < 2*(y). First,
by Holder and Hardy-Sobolev inequalities, for all u € S (), we get

2%(0)—q

20 ¥ (0) . q
w‘rlul‘f f (/I(r|h|2*(fr)—q f w‘"lulz (o) (o)
h 2= —ar ¢ PP dz)  <Ihlyy g e g Solull? 2.1
f (¢ )d( )7 o d@7 ¢ o diz) ¢ < |L‘1*(Q,d(”/7dz) el L) (2.13)

Then,

Y (Jul? + [vl?) -4 q
Lh(Z)WdZ < S MWll g v, gl Vg Y(u,v) € H. (2.14)

Therefore, it follows from (/' (u, v), (u,v)) = 0 and (2.14) that

1
I,l(lzt, V) = I/l(l/t, V) - 2*(0)
o ) Yo
= (3~ g i+ (5 - 2*(ﬁ)) ) d(z)ﬁ dz
1 1 Y lulPv]P: f w7l + )
- dr — A= - ——
(5w 2*<y>)fg i, zO)v <=4, 2*( VO
1 INATELDY
> (55 o )l I, o ©
1 1 -4 2@
= (5 B 2*(a))||(u Wlig — /l(c_] - m)”h”m (Q,%dz)stf |Q| = |G I,
1 1 gr2,1 1 W4 2
> (35 (a))n(u, VIl - 5[(5(5 -5 (a))) e, I |
2—6[ 1 -4 22((r)q 2.1 1 -4 Z%q
T2 [A(?z 2 ))”h”“ @ ipaSe KT (5<§ 3@ ]
2-q[2@-q o |7 (S, @ =2\
- 7 [( 2*(a) )”h”Lq *(Q,7 '” d)|'Q'| ] ( 2 (a) ) A
= —C*/lﬁ.

Here C. is a positive constant depending on Q, o, @, ¢, || and ||A]|,,,
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In the following result, we show that the functional I, satisfies (PS).-conditions.
Definition 2.6. Let ¢ € R, H be a Banach space and I, € C'(H,R). Then {(u,,v,)} C H is a Palais-
Smale sequence at level ¢ (PS).) in H for I, if )(u,,v,) = ¢ + 0,(1) and I'(u,,v,) = 0,(1) strongly in
inH™" as n — oco. We say I, satisfies (PS).-condition if for any Palais-Smale sequence {(u,,v,)} in H
for I, has a convergent subsequence.

Lemma 2.7. Suppose that 1 < g <2 and a,f3,y,0 € [0,2). Let {(u,,v,)} C H is a (PS).-sequence for
I,. Then, {(u,,v,)} is bounded in H.

Proof. Let {(u,,v,)} C H be a (PS).-sequence of I,, then I;(u,,v,) — c and I (u,,v,) — 0 asn — oo,
From (2.14), we have

on(1) + lef + 0n(||(un, vi)ll#)

1
Z I/l(um Vn) 2*( )<I,,l(un7 Vn) (un,vn»
v ®

1 1 1
- (5 - m)ll(un,vn)llﬁ{ + (2*@) - 2*(,3)) d(z)ﬁ

1 1 W || v, |P? f U (Juy|? + [val?)
- dz — ——d
¥ (2*(C¥) 2*()/))]5; d(z,z0)” ‘ C] 2*( ) M d(z)r ‘

2—a ) 2%(@) —q -1
> 7 1g - q
- 2(Q _ CZ) ”(u”’ V”)HW A q 2*(0) o ||h||L”*(Q,dﬁ7dz)”(u”’ Vn)”(H’
which implies that {(u,, v,)} is bounded in H since g < 2 < 2*(a) and 4 > 0. O

Proposition 2.8. Under the assumptions of Theorem 1.1, the functional 1, satisfies (PS ).-condition for
all ¢ < ¢, here

|

. 2-a & 2-B8 & 2—-vy 9y <
cm.—mln{z(Q 55 2(Q_ﬁ)Sﬂ : 2(Q_y)(sp],m) b .z, (2.15)

and C, is given in Lemma 2.5.

Proof. From Lemma 2.7, we know that the (PS).-sequence {(u,,v,)} is bounded in H. Due to the
critical Hardy-Sobolev inequality (2.1), there exists a subsequence, still denote by {(u,, vn)} such that
u, — u, v, = v weakly in S (Q); u, — u, v, — v weakly in L* @(Q, e )adz) L¥PQ, e )de) and

L¥Y(Q, i )ydz) Up — u, v, — v strongly in L'(Q, - )(,dz) for all + € [1,2*(0)); and u,(z) — u(z),
v,(2) — v(2) a. e. in Q. Moreover, for the above subsequence we assume that

Vou*dz = i, Vovildz = 9,

lﬁ“lunlz*(‘”d _ Pl U

d(z)" T dE@Y T d(z )
weakly in the sense of measures. Using the concentration-compactness principle (see [26,27]), there
exist an at most countable set J, a set of points {z;};c; € Q\{0}, real numbers ,&Zj, f/zj, By Vi Peys J €,
and fig, ¥, fio, Vo, Po such that

dz—p

> [Vouldz + ) 6. fi., + Soj, (2.16)

jeJ
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72 [VovPdz + ) 6,7, + 6ovo,

jeJ
B ¢a|u|2*(a) B _
= —dZ + 0, [, + 0 .
M d(Z)O‘ ;EJ z,/"zj oMo
N _ _
y= d+§5.v.+6v,
dF = = Gy TR0
- Ylulv|P N .
P= "y T 2 0P oo

jeJ

where ¢, is the Dirac-mass of mass 1 concentrated at z.

2.17)

(2.18)

(2.19)

(2.20)

First we consider the possibility of the concentration at {z;} ;c; € Q\{0}. For any £ > 0 small, take
¢:,£(2) = ¢((51 (z‘1 o 7)), where ¢(z) € C;(Q) is a smooth cut-off function suchthat 0 < ¢ < 1,¢ =1
in B4(0, 1), and¢ 01in Q\Bd(O 2). Then, |V, .| < 7 and {(¢ ltns 2 v,,)} is bounded in H. Testing

I (ty, v,) with (¢Z/,€un, _+Vn), we obtain lim,_.. (7} (un,v,,) (¢2 un, 2 vn)) = 0, that is,

o) = [ Ve Fol@? iz + [ Ve Val@? vz
Q Q

« 2*(@) 2*(B)
A & dz- YPIval PS5
o d@)" ” o d@f hd

VI 2 ey [ g Ol
- | ———¢.  dz—A | h dz.
S iyt [ o

From (2.16)-(2.20), we get

n—00

lim |VGun|2¢ dz—f(l) LAl fIVGuI ¢Z LAz + [,

hm f Vg, ¢Z LAz = f¢z LAV > fIVGvI ¢Z Azt 7,
A f
lim li d —l dii = 0,
al—r}(% nl—>r23 0 d( )a ¢Z € < lm ¢Z € M=
o WP lu,* P f
lim 1 d 1 dv =
lim lim | g $aede =i | 45047 =

(.l q
lim lim h(z)lﬂ ([1a]7 + [Val?)

2
dz=0
g-0n—>c0 Jo d(Z)(T ¢ZJ’5

and

o lnl vl o i Yl v,
i‘i%i‘l&fg d(z, 7)) Py ¢z 4P = d(z)" Sl WA

Thus, (2.24)~(2.27) and (2.21) imply that

0 =limlim | [Vou, Vo (@2, ) + VovaVo(@ vldz = Py

e—0 n—oo

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)
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Moreover, by using the Holder inequality and boundedness of {u,}, {v,} in S (l)(Q), we have

1 1
i im | | 1., Vot Ve o] < tim lim ([ (Ve fidz)'( [ 19t oFlug, fdz)
Q Q

e—0 n—oo e—0 n—oo

< Clim ( f Vs, ol lund., o dz)’
&—0 Q

(2.29)
< Clim IVep|%dz)® f ugl” dz)”
8—’0( Ba(z;.2¢) ) ( Bu(z;.26) )
=0.
Similarly,
lirré lim [ v,¢.:Vev,Veo.,.dz = 0. (2.30)
e—0n—oco Q
Combining with (2.29), (2.30) and (2.28), there holds
0 =1lim ll_{n f (162, Vounl* + ¢, Vevaldz - p,
(2.31)

= lim f ¢2 odji +1im f o2 A9~ p.,.
&E— Q &£ Q

On the other hand, the definition of S, ,, , implies that

R o e L
S proi f - 7)™ < f (Ve o) + Ve(d. ov)P)dz. (232)
Q Q

d(z,z0)”
Note that
lim lim f Vool Iunlzdz—hr% lim f IVad,, oI Ivaldz = 0, (2.33)
e—0) n—ooo —0 n—oo Q
together with (2.29) and (2.33), we get
lim lim f 62,6 Voital’ dz—hm lim f IVa(d,, st dz. (2.34)
e—0n—-oo e—0n—-oo Q

Similarly, (2.30) and (2.33) yield that

lim lim |¢Z EVGvnl dz = lim lim f |VG(¢Zj,gv,,)|2dz. (2.35)
Q

£—0 n—oo e—0n—ooo

So, (2.34),(2.35) and (2.32) imply that

S prpay Pz = <hm( f @7 odfi + f </>§gd9)- (2.36)
=0\ Jo o &

Combining (2.36) and (2.31), we have that

_2
~2%(y) ~
Spu D2y " Pz < Pzjs

which implies that
oy

either (1) 5., =0, or (2) B, 2 (S py poy) = - (2.37)

Communications in Analysis and Mechanics Volume 15, Issue 2, 70-90.



81

Now, we consider the possibility of the concentration at 0. Similarly, we define a cut-off function
¢ € C(G, [0, 1]) such that ¢(z) = 0 on B4(0, 1), and ¢(z) = 1 on G\B,(0, 2), and set ¢,(z) = $(01(2)).
Then, {¢Zu,} is bounded in S }(G), and lirr& im (2 (uy, vy) , ($2u,,0)) = 0, that is,

2 Wa|un|2*(a) 2
o,(1) = | Vou,Vo(u,¢)dz — | ———¢.dz
Q o d@*

(2.38)
D1 l/ﬂlunlplhjnlpz 2 f wo-lunl
- dz— A1 | h(z) dz
>0 Jo dzay * o
From (2.18)-(2.20), one can get
) ) Wl|un|2 (@) ) _
lim lim | ———¢%dz = f, 2.39
n—oo g—)OL d(z)a/ ¢<‘3 < Ho ( )
o Y|Pt val?? 5
limlim | ———¢%dz =0, 2.40
o o Tday (240
and ”
lim lim h(z)‘” ('”)”' #2dz = 0. (2.41)
Thus, (2.38)—(2.41) yield that
0= lir% lim VGunVG(ungbi)dz — fo. (2.42)
Note that
i lim | g, Vou,Vodudz =0, 2.43)
together with (2.42) and (2.43), there holds
hm ¢ 2dfiy = fio. (2.44)
On the other hand, by the definition of S, we have
I,ba ¢ u |2 (@) % f 5
< Ve(u,0.)|"dz.
f B dz)’ | Vo(ge)
Thus,
_2
S .pé*(‘” < lir% lim f Vo (uade)dz. (2.45)
E—U n—0o0 Q
Note that
lim lim f ¢*|\Vau,|*dz = lim lim f Vo (und,)dz,
-0 n—oo Q -0 n—oo Q
together with (2.45), we have
S oty 2 < lim f ¢2dpy . (2.46)
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Therefore, from (2.44) and (2.46), we have

S ,UO ((y) < /JO,
which implies that
O-a
either (3) fip =0, or (4) o =S5 (2.47)
Similarly,
08
either (3)" o =0, or (4) vy > Sﬂz’ﬁ. (2.48)

Now we claim that (2) and (4), (4)’ cannot occur. For this, recall that (u,,v,) — (u, v) weakly in H,
by the Brezis-Lieb Lemma we have

f Va(u, — w)fdz = f Vouldz - f IVouldz + 0,(1),
Q Q Q

f IVa(v, = v)Pdz = f VovalPdz - f VovlPdz + o,(1),
Q Q Q

f l/’alun _ u|2*(a) dZ _ walunlz*(a) dZ ~ walulz*(a)
Q d(z)” o d@)" o d@)*

dz + o,(1),

@ Bly, 2@ Byl @
ftﬁﬁlvn LY 7 7 P 7 SRS
d(z)f o d2f o d@F
and Y P1 P2 Y pP1 P2 Y|Pt |y P2
fw i =l =07 [l " f Y ul” |v| dz+ o (D).
Q d(z, zo) o dzzo) o d(z,20)
Then,

1 1
¢+ 0,(1) = L, va) = 3 f \Ve(u, — w)*dz + > f IVa(v, — v)PPdz
Q

__1 fwun—uﬁ @ fwﬁw - (2.49)
2%(@) Jo d(z)” 2B d(z)f

I T e
2*(y)fg 4z 20) dz+ Li(u,v).

On the other hand, from 7’ (u,,v,) — 0 asn — oo, we obtain that I («, v) = 0. Thus (I’ (u, v), (u,v)) =
0. Together with (I’ (u,, v,), (4, v,)) — 0, there holds

on(1) = f Vo (u, — w)dz + f IVo(v, = v)dz

f l//a|l/l _ u|2 (a) f l//ﬁ|Vn _ v|2*(a)d f l/,)’lun _ ulpl |Vn _ V|P2d (2'50)
——dz — Z
d(z)” o d@f Q d(z,z0)"
From (2.49) and (2.50) and Lemma 2.5, we have
al, _ 2*(a) 2%(a)
ctou(1) > f Yol — f i
2(Q d) 2(Q 3] aP @51)
Y — ul v, — VI"Zd Ca%. '
2(Q 7) d(z,z0)"
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Passing to the limit in (2.51) as n — oo, we have

2-a 2-8
c2> [y + V c*/lz 7, (2.52)
20-0" " 20-p" 2(Q JGZ,’) o
By the assumption ¢ < ¢, and in view of (2.37), (2.47) and (2.48), there holds fip = vo = 0, p;, = 0,
j € J. Up to a subsequence, (u,, v,) — (u,v) strongly in H as n — oo. i

3. Proof of the main results

This section is devoted to the proof of the main results of this paper.

Theorem 3.1. Under the assumptions of Theorem 1.1, there exists A, > 0 such that problem (1.1) has
at least one positive solution for A € (0, A,) with negative energy.

Proof. By the Holder inequality, we have

Ji > - 2 2%(@) _ - 2 2*(B)
a(u,v) II(M V)IIW 2*( ) II(M VIl @) Sg II(M 9]
S Pl IED — 2L S Iwwle
2*( ) P1:P2;Y u,v q La+(Q, 7 t// dz) U, V)llgy
where ¢, f(¢) and g(¢) are defined by
= {|(u, V)|l
1, 1 Z@ o, 1 _ze 1 it
1= - Sg 2 W ——8 7P S 0,
f( ) 2 2*(0) 2*(,3) B 2*(7)( P1,DP2, 7)

1 2@
g() = C_IHh”Lq*(Q,%dz)S" AR

Note that 2 < 2*(a),2*(8),2*(y), it is easy to see that there exists 7y > O such that f(¢) has a
maximum at ¢ty and f(#y) > 0. Hence, there exists a positive constant A; such that for all 1 € (0, A;),

inf L, v) > fty) — Ag(to) > O. 3.1)

i =t0

On the other hand, set S = {(u,v) € H : ||[(u,v)|lx < to}. For some (ug,vy) € H\{(0,0)} with
||(uo, vo)llzr = 1, we can choose ¢ > 0 small enough such that

(tug,tvg) € S and 1 (tug, tvy) < 0.
Consequently, we get

—oo < inf I(u,v) <O. (3.2)

(u,v)eS

Now we can apply the Ekeland variational principle and obtain a minimizing sequence {(#,, v,)} C S
such that

1
L(u,,v,) < inf Li(u,v)+ —, (3.3)
(u,v)eS n
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and

1
I/l(un, vn) < I,{(M, V) + _”(un —Uu, v, — V)”W’ V(u, V) €s. (34)
n

Define S (u,v) = Li(u,v) + }lll(un —u, v, —V)|lgr. So, (3.4) implies that T, (u,, v,) < J(u,v), which
yields that {(u,,v,)} C S is the minimizer of J,. In view of (3.1), (3.2) and (3.3), there exists € > 0
and Ny € Z* such that for all n > Ny, ||(u,, vi)llgr < to — €. So, for any (@y, ¢,) € H and n > N, there is
at > 0 small enough such that

j/l(un + t¢19 Vn + t¢2) - j/l(un, Vn) >0

(Uy + td1, v, + td) €S and t

That is,

I/l(un + t¢1,vn +tt¢2) — I/](un’ Vn) n %”((ﬁl,gbl)”?{ > 0. (35)

Passing to the limit in (3.5) as t — 0, we obtain that

1
(LU, Vi), (B1, 2)) = —Z||(¢1» &)l

which implies that

, 1
Lyt Vi)l < e (3.6)
Combining (3.3) and (3.6), there holds
lim 7} (u,,v,) =0, and lim I,(u,,v,) = (in)fs L(u,v) <O0. 3.7
n—oo n—oo u,v)€e

So, there exists A, € (0, A;) such that inf, )es [1(1,v) < 0 < co, for all 4 € (0, A,). Here ¢, is given
in (2.15). Thus, in view of Proposition 2.8, (u,, v,) — (u;, v;) strongly in H for all A € (0, A,). Hence,
(u1,v1) 1s a nontrivial solution of (1.1) satisfying that I;(u;,v,) = inf(,)es La(u,v) < 0.

Note that Li(ui,vi) = Li(lul, vil) and (lusl, il) € (@, v) € H @ |l(un, vi)llw < o — €}, we have
L(luyl, i) = infy,es Li(u,v) < 0 and I)(lusl,[vi]) = 0. Then, problem (1.1) has a nontrivial
nonnegative solution (u;,v;) € 9H with negative energy. According to Bony’s maximum
principle [34], we get that the system (1.1) has a positive solution in H and completes this proof. O

Lemma 3.2. Under the assumptions of Theorem 1.1, there exist a function (u,v) € H \ {(0,0)} and
Az > 0 such that

=

sup L) < ——2 (5. B _cab (3.8)
U, 1) < ———— (S p,. o) — C A7 .
i 20 —y) "

for all A with A € (0, A3), where C. is the positive constant given in Lemma 2.5.
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Proof. For any (u,v) € H, write

B 1P @ VNG W (ul? + %)
vy =Jwv) =25 |, awr dz_z*(ﬁ)fg ap _Ef Mg %

First, we consider the functional J : H{ — R as

IR TP B 2
O fg R e v e .

Let u := /piuts, v := /paus € S (L), where u, given by (1.5), and define

2 ¢7|u|p1 [v|P>

J @) = J(tu, tv) = ||(u iz = 2°(y) Jo d(z,20)"

Then, we know that lim J(f) = —co, and J(t) > 0 as t — 0*. Hence sup J(¢) is attained at some finite
—o00

>0

dz, Yt > 0.

point ¢, > 0 satisfies J”(tp) = 0, that is, J attains its maximum at

1

2 ﬁ

t ( G, VIIZ, J

0= » .

Y lulPrviP2
Q  d(z,20) dZ

Combining (2.2), (2.3) and (1.6), there holds

22%(y)

( 1 ) [[ZAY]
2 2%(y) ( fQ Wj?zlpzlolylpz dz)“i)‘z

sup J (1) = J (o) =

>0

Y.
[ 12 ()2
22—y (P2)zf*('y> (Pl)zi%) 2*<7>72[ ||ug||51(g) 762
72 (2L
2 Y lur®
Q-7 |'Pi P2 | ( fg bl d0)™

]

-y

[ P P "2:77 S%_Yy 022 =
S| (2 (2 e

S

= 0y

2(Q 7) D2 P1 [527 +0(8Q 7)]2(y)

2 - 9y )

= (S, ) +0ELD). (3.9)

2(Q _ ,y) p1.p2yy

Observe that there exists a positive constant A4 such that for all A € (0, A4), there holds
2 - oy 2
W—yy) (S ppy) T — C.ATT > 0. (3.10)

Then for A € (0, Ay), there exists #y € (0, 1) such that

-y 2y

sup I (tu, tv) < (S pypuy) T — CATS, (3.11)

2
1€[0,0] ' 200-vy)

On the other hand, it follows from h(z) > ¢y and p;, p, > 1, we obtain

ot i oy any
[0 ol 4o [ 0T iz 2 [ DL G
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Then, combining (3.9) and (3.12) and (2.5), we get

‘[‘ PN (L0 W G W i
d@” 2@ Jo dGr

sup I(tu, tv) = sup j(l) -—

>ty >ty
2B YA ®

- dz
2*(ﬁ) d(z) ]
YO (lul? + vI9)
<sup|J() - fh( ) dz
t>tl(?|: q d(z)” ]
el Tyl
<sup () — 02¢, [ el ;.
>t q o d@)”
5 SQ‘T e 1fq>%‘2r,
< 2—_7(5,,1 )T+ 0622 — CAl g2 ifg=22, (13
Q-7 s 22
e 2 lfC[ < 02
where C is a positive constant.
Now, we need to distinguish two cases:
Case (1) 1 < g < ==. It follows from g < 2 that 0 — 2 > ‘I(Q 2 Then, choosing & small enough, we can
deduce that there exists a As > 0 such that
0(e2?) - CAe"T < —C.A%5 (3.14)

for all A € (0, As). Set A¢ = min{A4, As}, then (3.13), (3.14) and (3.11) show that

(U=
(S, )

\<

|\>

sup I (tug, tvy) < -y C*/lﬁ for all A € (0, Ag).

>0 2(Q Y)

Case (ii) % — < g < 2. It follows from g — < gthat Q-2 > qQ—2 > Q-0 - q(Q 2 Then, for & small

enough, there exists a A; > 0 such that
0(£22) = CAe271T < —C, 175, Ve (0,A).
Therefore, taking Ag = min{Ay4, A7}, we get that for all 1 € (0, Ag),

- oy 2
L (tug, t < 7 — C, A%4.
Szlzl(? /l( Up VO) 2(Q )( pl,pz,y)
Set A3 = min{Ag, Ag}, from cases (i) and (ii), (3.8) holds by taking (u,u) = (+/p1 us, 4/p2 u.) and for
all A € (0, A3). The proof is thus complete. |

Similarly the proof of Lemma 3.2, we can easy to get the following results.

£emma 3.3. Under the assumptions of Theorem 1.1, there exist a function (u,v) € H \ {(0,0)} and
A3z > 0 such that

L) < ——% §55 _ca. vie0.R)
Su u,iv — Vg — A1, , .
o ! 20-a) ’
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Eemma 3.4. Under the assumptions of Theorem 1.1, there exist a function (u,v) € H \ {(0,0)} and
A3 > 0 such that

sup I,(tu, tv) < 278 5 o VA € (0,Az)
u u,rv FYY N — A, ) .
i 20-p) " ’

Theorem 3.5. Under the assumptions of Theorem 1.1, there exists Kl > 0 such that problem (1.1) has
at least one positive solution for A € (0, Ay) with positive energy.

Proof. We show that the functional I, satisfies the hypotheses of the mountain pass lemma. To this
end, obviously 7,(0,0) = 0. (3.1) shows that the exist p, Ry > 0 such that

Lu,v)>p>0, V (u,v)e H\{O,0)} with ||(u, v)llzr = Ro

for all A with 2 € (0, A)).
On the other hand, for (u,v) € H\{(0,0)} we obtain that lim I,(fu, tv) = —oo. Then there exists
—00

lo > 0 such that ||(lou, lov)llr > Ro and Li(lou, lhv) < 0. Let

c = inf sup 1,(y(?)),
Yel e0,1]

where I' := {y € C([0, 1], H) : v(0) = (0,0),y(1) = (lyu, lyv)}. Thus, it follows from the mountain pass
lemma that there exists a sequence {(u,, v,)} C H such that

lim 7 (u,,v,) =0 and lim I(u,, v,) = ¢ € (0, cco). (3.15)

Let Kl = min{Aq, Az, X3, X}}. So Lemmas 3.2, 3.3, 3.4 imply that there exists (ug, vo) € H\{(0, 0)}
such that
sup L(tug, tvy) < €, YA €(0,A).
120
From Proposition 2.8, (u,,v,) — (uz, ;) strongly in H as n — oo, which implies that I’(u>,v,) = 0
and I,(up,v,) = c¢. Then, (up,v,) is a nontrivial solution of (1.1) with positive energy. Set

+ + : YOl @ Y @ Y ulPvP2
ut = max{u,0}, vt = max{y,0}. Replacing fg a0 dz, o “a@P dz, o Taey dz,

0 -+t v @ oo P P01
M=z by, Sig—dn S ds Sy o h@gEdz i

respectively, we have that (u,,v,) € H is a nonnegatlve solution of (1 1) So by the argument of the
proof of theorem 3.1, one gets that u, > 0, v, > 0. Therefore, we have the desired conclusion. m]

The ends of this section is devoted to the proofs of the main results of this paper.

Proof of theorem 1.1. Let A := min{Az,Kl}. By Theorems 3.1 and 3.5, we known that for all A €
(0, A), problem (1.1) has at least two positive solution (u, v;) and (u, v;) € H satisfying

Li(up,vy) <0, I:l(ul, vi) =0, and Ij(uz,v2) =c > p >0, Iﬁ(uz,vz) =0, YA€ (0,A).
Hence, we get the required result. O
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