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Abstract: The strength-ductility trade-off has limited the potential of many structural materials,
especially in high-entropy alloys (HEAs). Here, we study the yield strength and ductility of HEAs
with an experimental dataset consisting of 144 samples using multi-objective machine learning. First,
we construct a feature pool including 20 features from the phase and mechanical properties of these
HEAs, and utilize feature engineering to screen and rank the features. Then, the multi-objective
random forest and MultiTaskLasso algorithms are chosen to train and predict the yield strength and
ductility. The differences between multi-task Lasso and Lasso are compared. Moreover, through the
interpretable feature analysis method—shapley additive explanation, the influence of the feature value
on the mechanical properties of HEAs is analyzed.
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1. Introduction

Understanding the super high strength-ductility of metal materials is of a great significance to the
service safety, service life, and energy saving of metal materials. However, in most materials, the
properties of strength and ductility are mutually exclusive [1, 2]. High-entropy alloys (HEAs) are an
emerging class of materials with an array of highly desirable properties, including wear resistance [3],
corrosion resistance [4], excellent structural stability [5, 6], and so on. It is beneficial to design HEAs
with high strength and ductility.

Researchers design the HEAs with high strength and ductility according to change the compositions
and experimental conditions [7,8]. Through changing the element Mn to Pd in the CrMnFeCoNi Cantor
alloy, deformation mechanisms in the CrPdFeCoNi alloy are promoted by pronounced fluctuations in
the composition and an increase in stacking-fault energy, which leads to a higher yield strength without
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compromising the strain hardening and tensile ductility [9]. The evolution of the microstructure and
compressive mechanical properties of (CoCrFeNi)x(Co0.26Cr0.07Fe0.16Ni0.31Hf0.4) with x variation was
systematically investigated, where the change of microstructure from hyper-eutectic to hypo-eutectic
produced a better combination of compressive strength and ductility than conventional CoCrFeNiHfx

HEAs [10]. Moreover, Pan et al. showed that cyclic torsion on a HEA enhances the strength without
degrading the ductility. Cyclic torsion creates a gradient of dislocations and low-angle grain boundaries
from the surface to the interior that organize into tiny stacking faults and twin when straining begins.
These structures allow for an improved ductility while simultaneously helping to harden the alloy [11].
The challenge is how to design the two properties concurrently with as few experiments or calculations
as possible.

In the field of material science, state-of-the-art machine learning (ML) methods have been utilized
to accelearate the alloy design [12–15]. Xiong et al. applied ML models to classify the different phase
structures and to predict the hardness and ultimate tensile strength of complex concentrated
alloys [16]. Wen et al. combined ML and the design of experiments method to accelerate the
optimization process [17]. Ren et al. created win-wins from strength-ductility trade-off in
multi-principal element alloys using ML [18]. However, these models [16–18] were all single target
ML models, that is, a target needed a set of corresponding feature quantities to describe. Multiple
targets need multiple sets of different feature quantities to describe, while multi-objective ML only
uses a set of feature variables to describe multiple targets.

In this paper, MultiTaskLasso and a multi-objective random forest (RF) regression are utilized to
predict the yield strength and ductility of HEAs. Feature engineering screens the features in the feature
pool collected by the phase and mechanical parameters, and the features after screening are used to
predict the two mechanical properties of the HEAs at the same time. Moreover, the linear expressions
between these two mechanical properties and features are given by linear regression. Combining the
shapley additive explanation (SHAP) with the multi-objective random forest, we analyze the effect of
features on the yield strength and ductility of HEAs.

2. Methods

2.1. Data selection and analysis

The yield strength and ductility data of 144 HEAs fabricated by vacuum arc melting-cast under
compression at room temperature were obtained from the report of Gorsse et al. [19]; for more
information, see the sample data in Supplementary materials. The representation of features is
important for an ML algorithm towards a specific material property [20]. The phase structures of the
HEAs determine the mechanical properties [16]. We construct a feature pool including 20 features, 11
of which are phase parameters and the other 9 relate to the mechanical properties. The 11 phase
parameters are as follows: the difference in atomic radii (δr) between elements; the difference in
electronegativity (∆χ) between elements; the valence electron concentration (VEC); the mixing
enthalpy (∆H); the configurational entropy (∆S ); the Ω parameter [21] (which is related to the
entropy, enthalpy and the melting point, see the equation in Supplementary materials), the Λ
parameter [21] (which is related to an atom’s configuration on a lattice and its radius; for more
information, see the equation in Supplementary materials); the γ parameter [21] (the solid angles of
atomic packing for the elements with the largest and smallest atomic sizes); the local electronegativity
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mismatch (D.χ) between elements; the number of itinerant electrons (e/a); and the cohesive energy
(Ec), all of which potentially relate to the phase formation [21]. The 9 mechanical features include the
following: the modulus mismatch (η) [22]; the local size mismatch (D.r); the energy term in the
strengthening model (A) [23]; the Peierls-Nabarro factor (F) [24]; sixth square of the work function
(w) [25]; the shear modulus (G); the local shear modulus mismatch (D.G); the difference in shear
modulus (δG); and the lattice distortion energy (µ) [25, 26]. A detailed list of these features is
provided in the Supplementary materials, Table S1. The datasets were exectued using the Jupyter
Notebook as a DataFrame [27]. Before training, these features were normalized by the maximum and
the minimum so that their values fell between 0 and 1. This eliminates the order-of-magnitude effect
between features.

X∗ =
X − Xmin

Xmax − Xmin
, (2.1)

where X∗ is the value of feature X after normalization, and Xmin and Xmax are the maximum and
minimum values of feature X, respectively.

2.2. Machine learning algorithms and evaluation method

ML algorithms that can be used for multi-objective prediction, such as MultiTaskLasso [28] and
multi-objective RF [29], are applied to predict the yield strength and ductility of HEAs. These models
were chosen because MultiTaskLasso enhances the interpretability through joint feature selection,
while multi-objective RF algorithms are robust to nonlinear relationships, which make them
well-suited for capturing the strength-ductility behavior of HEAs. In addition, linear regression
algorithms are utilized to regress the features and mechanical properties. These algorithms are found
within the open-source algorithm package in Scikit-learn [30]; for more information, see the
Supplementary materials for the algorithm principle. The algorithm parameters choose the
default values.

K-fold cross-validation (CV) randomly divides the data set of N samples into K parts, of which
K −1 is used as the training set and the remaining 1 is used as the verification set. The trained model is
used to predict the remaining sample set and obtain the predicted value. In this way, K predicted values
are obtained after K cycles, which gives the prediction error of the verification set of all data. Due to a
limited sample size, we used the 10-fold CV method to produce more training data. After the 10-fold
CV is completed, the 10 models of CV are used to predict the new samples, and the mean value of the
predicted values of the 10 models is taken as the output value. In this paper, the Pearson correlation
coefficient R is chosen as the prediction performance evaluation index, which is defined as follows:

R =
∑N

i=1 (yi − ȳ)(ŷi − ¯̂y)√∑N
i=1 (yi − ȳ)2∑N

i=1 (ŷi − ¯̂y)2
, (2.2)

where yi and ŷi represent the experimental value and the predicted value of each data respectively, and
ȳ and ¯̂y represent the mean value of the experimental value and the mean value of the predicted value
of all data respectively.
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3. Results and discussion

3.1. Feature selection and modeling based on multi-objective random forest

To reduce the computation time and improve the model robustness by removing the irrelevant and
redundant features, we employ a hybrid method that combines a correlation analysis and a wrapper
method to perform the feature selection. The heat map in Figure 1 depicts the Pearson correlation
coefficients map between the different features.

Figure 1. Feature selection to identify the most important features from the feature pool.
The top right of the figure is a Pearson correlation map of the initial twenty features. A larger
square with a darker color indicates a high level of correlation. The bottom left of the figure
is the influence of high correlation features on the model. Each color represents the features
that are highly correlated with each other, and among each color, the one with the lower
correlation is retained.

Those with a correlation coefficient greater than 0.75 are considered as highly correlated. For these
highly correlated features, we only retain one of them to reduce redundant information. To choose the
feature to be retained, we remove one of these highly correlated features to compare the test errors
of the model, and then rank the importance of each feature. We split our original data into a training
set including 115 samples (80%) and a testing set including 29 samples (20%); then, we build the
multi-objective RF model on the training set with all features except the one in the set with a high
correlation removed. The correlation between the predicted values and the experimental values is
calculated through the evaluation index R, and the correlations are ranked, as shown in Figure 1. The
smaller R is, the more important this feature is to the model; deleting it will reduce the prediction
ability of the model, so this feature should be retained. Accordingly, the highly correlated features δr,
A, Ec, w, D.r, γ, δG, D.G, ∆χ, and F are removed.

We further reduce the feature space by considering all possible subsets of these features to identify
the subset giving rise to the lowest model error. The errors 1−R with 10-fold CV of the multi-objective
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RF model based on different subsets of features are plotted in Figure 2. According to Figure 2, as the
number of features increases, the error of the model 1 − R initially decreases. Then, the error of the
model increases as the number of features increases, which may be due to overfitting [31]. The best
performance of the model is given by a 7-tuple feature, where the features are VEC, ∆H, ∆S , Λ, Ω,
D.χ, and e/a. We call the subset composed of these 7 features as the RF-Subset.

Figure 2. The 10-fold cross-validation error of each possible multi-objective RF model
containing a subset of processing features. The red frontier tracks the best model for a given
number of features. The green frontier gives the best number of features to train the multi-
objective RF model.

Based on the RF-Subset, we use a multi-objective RF model combined with 10-fold CV for training.
The 10 models of CV are used to predict the corresponding folded test set, and the predicted values of
the two target performances (i.e., strength and ductility) are given. The 10 times predicted values of the
two performances are averaged as the final predicted value. Figure 3(a),(b) are the comparison charts
of the model predicted value and the experimental measurement value of the two target performances,
where the evaluation indices R are 0.9516 and 0.9432, respectively.

(a) (b)

Figure 3. The comparison between the experimental values and predicted values of the multi-
objective random forest (RF) models based on RF-Subset: (a) yield strength, (b) ductility.
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3.2. Feature selection and modeling based on MultiTaskLasso

A multiTaskLasso regression and a single-objective Lasso regression are two linear regression
methods with penalty items, which can be used to filter features by adjusting the penalty item
parameter α. The parameter α determines the weight of the penalty item in the loss function. As α
increases, each feature coefficient will become smaller. When α increases to a certain value, all
coefficients will become 0. The feature whose coefficient finally becomes 0 is considered to be the
most important feature [32], and so on, until we obtain the feature importance ranking. The curve in
which the characteristic coefficient changes with α is called the regression path. The regression path
diagram generally uses − log10(α) as the horizontal coordinate. Additionally, we also normalize the
values of the yield strength and ductility in the regression path because the values of these two
objectives are not in the same order of magnitude. Figure 4(a),(b) show the change of characteristic
coefficients which correspond to the yield strength and ductility with α in the MultiTaskLasso
regression, respectively. In a multi-objective regression, the two mechanical properties are described
by the same set of characteristic quantities, and the order of characteristic importance is shown in
Table 1. Figure 4(c),(d) show the change of characteristic coefficients which correspond to the yield
strength and ductility with α in the single-objective Lasso regression, respectively. Table 2 shows the
single-objective Lasso feature ranking results which correspond to the two mechanical properties. It
can be seen that the features that play a leading role in the two negative correlation targets are not
exactly the same. This is the main difference between single-objective and multi-objective ML.

Among the top five important features in Table 2, ∆H, η, and ∆S are all important for the yield
strength and ductility; alternatively, VEC is more important for the yield strength and e/a is more
important for the ductility. The feature importance ranking of the MultiTaskLasso regression in Table 1
integrates the feature importance ranking of two single objectives.

Table 1. Features ranking based on the MultiTaskLasso regression.

Features ranking 1 2 3 4 5 6 7 8 9 10
Features name ∆H η VEC ∆S e/a Λ G D. χ µ Ω

Therefore, it is meaningful to use the MultiTaskLasso regression to train and predict the yield
strength and ductility at the same time. Additionally, we reduce the feature space by considering all
possible subsets of these features to identify the subset that produces the lowest model error. The
feature number is 9 when the model has the smallest evaluation error, which can be seen within the
figure in the Supplementary materials, where the features are VEC, ∆H, ∆S , Λ, Ω, D.χ, e/a, η, and G.

Table 2. Features ranking based on the Lasso regression.

Features ranking 1 2 3 4 5 6 7 8 9 10
Yield strength ∆H VEC η Λ ∆S G e/a Ω µ D. χ
Ductility ∆H η ∆S e/a D. χ µ Ω Λ VEC G

Based on the features after screening, we use the MultiTaskLasso regression combined with 10-
fold CV for training. The method which utilizes 10-fold CV is same as the multi-objective RF. The
evaluation indices R between the experimental value and the model predicted value of the yield strength
and ductility are 0.6963 and 0.6897, respectively.
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Figure 4. MultiTaskLasso and Lasso regressions for the yield strength and ductility, and the
coefficient value of the corresponding characteristics changes with α: (a) yield strength under
the MultiTaskLasso regression, (b) ductility under the MultiTaskLasso regression, (c) yield
strength under the Lasso regression, (d) ductility under the Lasso regression.

It is obvious that the prediction result by a multi-objective RF is better than the MultiTaskLasso.
Additionally, we choose the multi-objective RF to study the influence of features after screening on the
yield strength and ductility.

3.3. Interpretability analysis of features

Multi-objective RF is an integrated learning algorithm based on a decision tree. Because
multi-objective RF is a nonlinear black box algorithm, it is difficult to directly explore the impact of a
feature on the target variables. SHAP is combined with the multi-objective RF algorithm to analyze
the influence of features on the mechanical properties of HEAs through the SHAP value, so as to
improve the interpretability of the multi-objective RF model. The SHAP model is an additive
explanatory model inspired by the SHAP value. For each prediction sample, the model generates a
prediction value, and the SHAP value is the value assigned to each feature in the sample. Assuming
that the ith sample is xi, the jth feature of the ith sample is xi,j, the predicted value of the model for the
ith sample is yi, and the baseline of the whole model (usually the mean value of the target variables of
all samples) is ybase, then the SHAP value is calculated using the following equation:

yi = ybase + f (xi,1) + f (xi,2) + · · · + f (xi,k), (3.1)
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where f (xi, j) is the SHAP value of xi,j. Intuitively, f (xi,1) is the contribution value of the first feature
on the ith sample to the final predicted value yi. If f (xi,1) > 0, then it indicates that the first feature
improves the predicted value and has a positive effect. If f (xi,1) < 0, then it shows that the first feature
reduces the predicted value and has a negative effect.

After two kinds of multi-objective feature selection and training, the prediction effect of the multi-
objective RF is better. Thus we rank the 7 features of the RF-Subset by multi-objective RF. The idea
of a RF feature importance evaluation is to see how much each feature contributes to each tree in
the RF, then take an average value, and finally compare the contribution between the features. The
contribution can usually be measured by the Gini index or the out-of-bag error rate. The result of RF
feature importance ranking is shown in Figure 5. The ranking of features is as follows: VEC, ∆S , ∆H,
e/a, Λ, D.χ and Ω.

0.0 0.1 0.2 0.3 0.4

D.

e/a

H

S

VEC

0.063

0.064

0.081

0.086

0.099

0.157

0.450

Multi-objective RF feature importance ranking

Figure 5. Feature importance ranking for the RF-Subset based on a multi-objective RF.

All 144-sample data are linearly regressed using the RF-Subset to fit the linear analytical formulas
for the two target properties of yield strength (YS, MPa) and elongation (E, %) as follows:

YS = −696.28VEC + 462.83∆S − 1181.44∆H − 907.19e/a
− 797.16Λ + 227.84D.χ − 473.95Ω + 2823.84,

(3.2)

E = +3.33VEC − 20.43∆S + 56.52∆H + 44.35e/a
− 1.97Λ + 2.15D.χ + 17.14Ω − 33.46.

(3.3)

In these two formulas, the units of ∆S , ∆H, Λ, and Ω are JK−1 mole−1, kJmole−1, JK−1 mole−1, and
K−1, respectively. VEC, e/a, and D.χ are dimensionless values. The coefficients of the first four
important features are opposite. In general, the face-centered cubic (FCC) HEAs exhibits a high
ductility but poor strength. The body-centered cubic (BCC) HEAs exhibits a high yield strength but is
inferior to the FCC structure in terms of ductility. VEC has a negative effect on the yield strength
from Eq (3.2) and a positive effect on the strength from Equation (3.3). A low VEC is conducive to
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forming a BCC phase and improving an alloy’s strength, while a high VEC is beneficial in forming an
FCC phase that improves an alloy’s ductility [33].

With the default parameters, the multi-objective RF algorithm uses all samples to train a
multi-objective prediction model. Based on the multi-objective prediction model, we utilize the
SHAP algorithm package developed by Lundberg et al. [34] to calculate the SHAP values, which can
be used to analyze the influence of features on the mechanical properties of the HEAs. The SHAP
values of four most important features, namely VEC, ∆S , ∆H, and e/a, from the results of the feature
ranking from multi-objective RF are calculated. The effects of these four features on the target
properties of the HEAs are analyzed through the SHAP values.

Figure 6. Using the SHAP value which calculated from the RF model, to analyze the effects
of the following on the yield strength: VEC (a), ∆S (b), ∆H (c), and e/a (d).

In Figure 6(a)–(d), the x-axis is VEC, ∆S , ∆H and e/a of 144 samples, respectively. The y-axis is
the values of the SHAP value which corresponds to VEC, ∆S , ∆H and e/a of 144 samples, respectively,
plus the mean value of the yield strength. In Figure 6, the change of the y-axis with the x-axis can be
considered as the change of the yield strength of the HEAs with the four characteristic values, which
have certain physical significance. Figure 6(a),(c),(d) generally show a downward trend, that is, the
SHAP value decreases with an increase of the feature value. Figure 6(b) exhibits an increasing trend.
In the linear Eq (3.2), the characteristic coefficient of ∆S is positive, which indicates that the yield
strength is positively correlated with ∆S , that is, increasing the value of ∆S can improve the yield
strength. The characteristic coefficients of VEC, ∆H, and e/a are negative, indicating that the yield
strength is negatively correlated with VEC, ∆H and e/a, that is, increasing the values of these three
characteristics will reduce the yield strength of the HEAs. The influence of VEC, ∆S , ∆H, and e/a on
the yield strength is analyzed by SHAP value, and the rule obtained is consistent with that obtained
by a linear regression model. Since the ductility and yield strength are a pair of trade-off features, the
influence of the features in Figure 7 on the ductility is opposite to that in Figure 6. Moreover, through
the influence of the four important features analyzed by the SHAP value in Figure 7 on the ductility,
the obtained rule is consistent with the rule of the linear regression Eq (3.3).
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Figure 7. Using the SHAP value, which is calculated from the RF model, to analyze the
effects of the following on the ductility: VEC (a), ∆S (b), ∆H (c), and e/a (d).

3.4. Design of high yield strength and high ductility HEAs

Table 3. The feature values and ML-predicted mechanical properties of Hf and Nb base
HEAs, where numbers in parentheses are experimental values.

Alloys VEC ∆S ∆H e/a Yield strength (MPa) ductility (%)
HfNbTaTiWZr 4.676 14.9098 −2.1196 1.837 1552.10 [1550.00] 23.249 [26.300]
HfMoNbTaTi 4.800 13.3809 −1.4400 1.600 1388.89 [1369.00] 24.367 [27.000]
HfCrNbTaTiZr 4.676 14.9098 −2.7890 1.670 1520.00 24.547
NbTiV0.3Mo0.3Zr 4.527 12.3113 −0.2680 1.639 1201.38 [1312.00] 37.606 [50.000]
NbTiV0.3Mo0.4Zr 4.558 12.4710 −0.7200 1.618 1247.02 38.972
NbTiV0.3W0.3Zr 4.553 12.3200 −0.9300 1.732 1252.40 38.390
NbTiV0.3Mo0.1Zr 4.436 11.6086 0.8044 1.675 1116.45 [932.00] 41.748 [45.000]
NbTiV0.3Mo0.2Zr 4.490 12.0390 0.2320 1.654 1166.34 41.278
NbTiV0.3W0.1Zr 4.436 11.6150 0.5566 1.704 1011.08 45.540

The SHAP value of these top features provides guidance to the design of novel HEAs with a high
yield strength and high ductility. In general, HEAs with a yield strength larger than 1200 MPa and a
ductility larger than 20% are considered to have a high yield strength and high ductility. Combining
Figures 6 and 7, when VEC < 5.0, 11.5 < ∆S < 15.0, −3.6 < ∆H < 0.0, and 1.5 < e/a < 2.0, the
yield strength and ductility of the HEAs are larger than 1200 MPa and 20%, respectively. Because
these two mechanical properties are contradictory, we call the value range of these features that make
the HEAs have a high yield strength and a high ductility at the same time as the balanced interval. A
simple calculation gives the feature values of VEC, ∆S , ∆H, and e/a in Hf and Nb base HEAs, which
are shown in Table 3. Clearly, if the feature values are in the balanced interval, then the alloys have a
high predicted value of the yield strength and ductility, and the experimental values are in parentheses.
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At the last three lines, the values of ∆H are larger than 0 (not in the balanced interval), and the values
of the yield strength are smaller than 1200. Therefore, these four feature values of the HEAs in the
balanced interval can obtain the HEAs with a high yield strength and ductility simultaneously.

4. Conclusions

The present work illustrated a ML framework to predict the yield strength and ductility of HEAs.
A dataset of 144 samples was constructed, and 20 initial features were proposed. The hybrid method
combined a correlation analysis and a wrapper method to produce the seven features of VEC, ∆H, ∆S ,
Λ, Ω, D.χ, and e/a in the multi-objective RF regression of the yield strength and ductility, alongside
the nine features in the MultiTaskLasso regression. The multi-objective RF model regressed the two
mechanical properties better. At the same time, we utilized the Lasso and MultiTaskLasso to regress
the yield strength and ductility, and compared the differences between the single-objective and multi-
objective ML models. Analytic expressions for the two target properties with features after screening
were given by a linear regression. Through the interpretable characteristic analysis method, namely
the SHAP value, the influence of the feature value change on the yield strength and ductility of HEAs
was obtained. Therefore, we designed new alloys in the balanced intervals, that is, VEC < 5.0, 11.5 <
∆S < 15.0, −3.6 < ∆H < 0.0, and 1.5 < e/a < 2.0, to obtain HEAs with a high yield strength and high
ductility simultaneously.
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