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Abstract: Heavy metal transport between the water column and sediment is commonly described
using linear or empirical relationships, which may not capture nonlinear feedback mechanisms and
abrupt changes in contamination states. In this study, we proposed a nonlinear cubic equilibrium model
for describing metal partitioning between water and sediment and for identifying critical transition
conditions associated with bifurcation behavior.

The proposed model established a nonlinear relationship between the input metal concentration
in water /; and the accumulated sediment concentration C;. Using experimental data for copper (Cu)
and nickel (Ni) transport from the literature data, model parameters were estimated by the least-squares
method. The obtained response curves exhibited an S-shaped structure, indicating the existence of
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multiple equilibrium states, bistability, and hysteresis. Fold points obtained from the condition d/;/dC;
=0 defined critical thresholds at which saddle-node bifurcations occur and abrupt transitions between
contamination states become possible.

The bifurcation analysis with respect to the nonlinear parameter p; further identified critical values
separating bistable and monostable regimes. The results demonstrated that Cu and Ni systems may
exhibit history-dependent behavior, where the sediment contamination level is not determined solely
by the current pollution input but also by the previous evolution of the system.

The proposed framework extends conventional pollutant transport models by incorporating
nonlinear dynamics, multistability, and regime-shift mechanisms. It provides a mathematical basis for
identifying tipping points in water-sediment contamination systems and offers a potential tool for
assessing environmental risks associated with sudden changes in metal accumulation.

The main contribution of this work is the demonstration that nonlinear bifurcation analysis
provides insight into critical states, multistability, hysteresis, and regime transitions in water-sediment
contamination systems, extending conventional concentration-based approaches toward a deeper
understanding of nonlinear environmental dynamics.

Keywords: heavy metal transport; water-sediment interaction; nonlinear cubic model; bifurcation
analysis; saddle-node bifurcation; hysteresis; multistability; tipping point; regime shifts; sediment
contamination

1. Introduction

Surface water quality assessment is a critical component of environmental management,
providing the basis for policy decisions, pollution control, and ecosystem protection. Over the past
decades, a variety of numerical, statistical, and machine learning models have been developed to
evaluate water quality and to simulate the transport, transformation, and fate of pollutants in aquatic
systems. Classical numerical models such as AQUATOX, CE-QUAL-W2, EFDC, MIKE, and WASP
are widely used for predicting chemical and biological processes, including nutrient cycling, dissolved
oxygen dynamics, and contaminant transport [1,2]. These tools enable researchers and managers to
model complex interactions in surface waters, supporting informed decision-making regarding
pollution mitigation and ecosystem restoration.

Catchment-scale models further integrate hydrological, sediment, and erosion processes,
providing insight into pollutant loads at the watershed level [3]. Statistical and econometric
approaches, including vector autoregressive (VAR) models and multivariate analyses, have been
applied to evaluate the influence of sediment-related factors on water quality trends and pollutant
sources [4,5]. Recently, machine learning (ML) and artificial intelligence (AI) frameworks have
emerged as powerful tools for predictive water quality modeling, particularly in addressing incomplete
datasets and complex non-linear relationships. Approaches such as random forest, artificial neural
networks, and transfer learning have been successfully used to predict heavy metal pollution,
suspended solids, and sediment risk indices in urban rivers and seaports [6—9].
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Indices-based methods, including Water Quality Indices (WQI), Heavy Metal Indices (HMI), and
trophic status indicators, remain an important component of water quality evaluation, often combined
with statistical or ML models to quantify pollution levels and source contributions [1,10]. Collectively,
these modeling frameworks provide a comprehensive toolkit for ranking water bodies by pollution
severity and identifying priority areas for intervention. By reviewing the evolution, capabilities, and
applications of these models, we aim to provide a systematic foundation for selecting appropriate
approaches for water quality ranking in diverse aquatic environments.

Despite this extensive development, several limitations remain in methodologies. Classical
numerical models (e.g., AQUATOX, CE-QUAL-W2, EFDC, MIKE, WASP) provide detailed
mechanistic simulations but often require extensive calibration data and are limited in their ability to
capture non-linear threshold behaviors, such as sudden shifts in pollutant dynamics [1,2]. Statistical
and ML approaches can handle large datasets and incomplete measurements, yet they frequently act
as “black boxes” providing limited interpretability regarding the underlying physico-chemical
processes [6—8]. Furthermore, most models focus on predicting pollutant concentrations or indices
without explicitly analyzing dynamic stability, bifurcations, or temporal non-linearities in water
quality behavior.

Building on the reviewed models, we propose a nonlinear mathematical framework for describing
heavy metal partitioning between the water column and sediment. The proposed approach introduces
a cubic nonlinear equilibrium model capable of incorporating feedback effects, saturation mechanisms,
and threshold-dependent accumulation processes. Unlike conventional empirical or data-driven
approaches, the nonlinear formulation provides insight into the stability structure of the system,
enabling the identification of equilibrium branches, bifurcation points, and possible abrupt transitions
between contamination states.

A nonlinear bifurcation-based description provides not only quantitative prediction of sediment
contamination levels but also qualitative information about the system regime, including monostable,
bistable, and critical states. Such an approach establishes a connection between mechanistic
environmental processes and nonlinear systems theory, providing a framework for analyzing hidden
instability mechanisms that cannot be identified using traditional pollution indices or regression
models.

Pollution indices and statistical approaches are useful for ranking contamination levels; however,
they do not describe the mechanisms controlling pollutant accumulation or explain why sudden
changes in contamination states may occur. The proposed nonlinear model establishes a direct
relationship between the external pollution input, sediment accumulation, and system stability, thereby
providing a mechanistic interpretation of observed contamination patterns.

Beyond improving the understanding of nonlinear water-sediment interactions, the proposed
framework may provide a theoretical basis for identifying critical changes in heavy-metal partitioning
that could be relevant to sediment remediation. This perspective may also be useful for remediation
technologies, including solidification/stabilization (S/S), whose primary objective is the long-term
reduction of metal mobility.

The main contribution of this study is the development of a nonlinear bifurcation-based
framework capable of revealing multistable contamination states in water—sediment systems. Unlike
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conventional approaches that assume a unique relationship between pollution intensity and sediment
concentration, the proposed model demonstrates that the same level of external pollution input may
correspond to different sediment contamination states due to nonlinear feedback mechanisms and the
history of system evolution.

By applying bifurcation analysis, the proposed framework identifies critical parameter values and
fold points associated with transitions between monostable and bistable regimes. These critical
conditions provide a mathematical basis for predicting possible tipping points, where relatively small
changes in system parameters may lead to abrupt shifts between contamination states.

The applicability and generality of the proposed approach are demonstrated through two
independent case studies involving Cu and Ni transport. The results show that multistability, hysteresis,
and regime shifts are not specific to a particular metal but arise from the intrinsic nonlinear structure
of the water—sediment interaction mechanism.

Furthermore, we establish a connection between environmental pollutant transport and nonlinear
dynamical systems theory by introducing concepts such as saddle-node bifurcations, hysteresis, and
stability transitions into the analysis of heavy metal accumulation processes. Therefore, the proposed
approach extends beyond conventional curve fitting and provides a predictive framework for
identifying critical thresholds, hidden instability mechanisms, and potential abrupt transitions in
aquatic pollution dynamics. Such a framework may contribute to the development of early-warning
indicators and improved decision-support tools for environmental management.

The novelty of this work lies in introducing a nonlinear bifurcation-based framework for water—
sediment heavy-metal partitioning that goes beyond the conventional estimation of concentration
relationships. In contrast to linear or purely empirical models, the proposed approach explicitly
identifies equilibrium branches, bistable regions, fold (saddle-node) bifurcations, hysteresis intervals,
and critical pollution thresholds. The framework is further applied to Cu and Ni to demonstrate how
these mathematical features can be translated into site-specific contamination-risk zones and early-
warning thresholds. Thus, the main contribution is not only to describe the nonlinear relationship
between aqueous and sediment metal concentrations, but also to identify conditions under which the
system may undergo abrupt and history-dependent transitions.

The paper is organized into five sections. Following this introduction, in Section 2, we analyze
the case of constant pollution source with linear sediment uptake. In Section 3, we present the
theoretical development of the constant pollution source with nonlinear sediment uptake model, which
represents the central part of this study. In Section 4, the theoretical results are applied to two case
studies involving Cu and Ni concentration. In Section 5, we provide a discussion of the obtained
results, followed by the conclusions of the study.

2. Constant pollution source and linear sediment uptake

Assume that the pollution source contains a constant concentration of heavy metals and that the
sediment uptake process is linear. Neglecting diffusion and nonlinear effects, the governing equation
becomes:
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dCi
dt l lel ( )

where C; denotes the concentration of a heavy metal in sediment, k; is the resuspension
coefficient that characterizes the mobility and removal rate of the heavy metal from the sediment, and
I; = const. represents the constant input concentration of the corresponding metal from the pollution
source. The first term describes the continuous supply of metal to the sediment, whereas the second
term represents the natural removal or release process.

Integrating Eq. (1) under the initial condition C;(0) = C;, gives:
I
Ci = k_l (1 — exp(—k;t)) + exp(—k;t)Cyo (2)
L

Solution (2) describes the temporal evolution of heavy metal concentration in the sediment and
provides information about the contamination rate and the characteristic time required for the system
to approach equilibrium.
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Figure 1. Variation of the metal concentration C; in the sediment over time for different
metal concentrations [; in the water.

Analysis of Eq. (2) shows that the transfer of heavy metals from water to sediment depends on
sediment properties, metal characteristics, and pollution intensity [;. For sufficiently long times, when
t—o0, the transient term vanishes and the concentration approaches the steady-state value

I
C = k—l = const. 3)
l

Equation (3) demonstrates that the final concentration of heavy metals in the sediment is
independent of the initial contamination level. Instead, the equilibrium state is determined by the
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balance between the external metal input and the natural removal processes. Therefore, within the
framework of the linear model, the relationship between the metal concentration in water and sediment
is proportional.

Figure 1 illustrates the temporal evolution of heavy metal concentration in sediment C; (see (2))
for different values of the input metal concentration in the water ;. The initial metal concentration in
sediment was assumed to be C;y = 0, while the model parameter was set to k; = 9. As shown in the
Figure 1, the concentration in the sediment rapidly approaches its steady-state value, with the transient
phase being slightly shorter for lower values of I;. The steady-state metal concentration in the
sediment is given by Eq. (3).

Since heavy metal concentrations in water are commonly expressed in [mg/L], whereas sediment
concentrations are expressed in [mg/kg], a normalization factor a; is introduced to relate the input

term I; to the water concentration C,,;:I; = a;C,,;. For a; = 1[&], Eq. (3) becomes:

C..
Cy; = — = const. (4)
ki
In environmental sciences, the reciprocal value of the parameter k; is commonly used and
defined as the partition (distribution) coefficient Kj;:

Csoi

Ky =
di CWl

)

where the dimension of Kj; is [L/kg].

The distribution coefficient K;; is widely applied in hydrogeology, sediment transport studies,
and ecotoxicological assessments. Its value depends on several environmental factors, including
sediment composition, pH, organic matter content, temperature, and physicochemical properties of the
metal. Comparison of K; values among metals provides a useful criterion for evaluating their
accumulation potential. A larger K;; indicates stronger metal retention and accumulation in sediment,
whereas a smaller value corresponds to weaker transfer from water to sediment.

Although the linear approach is practical and often provides satisfactory first-order estimates,
natural aquatic systems exhibit considerably more complex behavior. In real environments, changes in
sediment contamination are not necessarily proportional to variations in the incoming metal
concentration. Several nonlinear mechanisms, such as adsorption saturation, competitive interactions
among metals, changes in particle characteristics, and chemical transformations, may influence the
accumulation process.

For example, by analyzing the experimental data reported by Shanbehzadeh et al. [11], coefficient
ki can be estimated from measured water and sediment concentrations. If the metal concentration in
water changes, Eq. (4) predicts a proportional change in sediment concentration. However, using the
experimentally obtained coefficient ki, the predicted value may differ significantly from newly
measured sediment concentrations. This discrepancy indicates that the relationship between water and
sediment contamination cannot always be represented by a linear law.
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When experimental data are available only at discrete concentration levels, linear interpolation is
used to estimate intermediate values between two consecutive measured data points. The interpolation
is introduced only to facilitate the comparison and visualization of the experimental data and model
predictions and does not provide additional experimental information. Linear interpolation was
selected because it provides a simple and transparent connection between consecutive measurements
without introducing artificial local maxima or minima. Nevertheless, it may affect the detailed shape
of the concentration—concentration relationship, particularly when the experimental data are sparse or
exhibit pronounced nonlinear variation. Therefore, the interpolated values are interpreted only within
the resolution of the available experimental measurements.

For this reason, increased monitoring frequency is recommended in the vicinity of the predicted
branching (bifurcation) threshold, where small changes in the input concentration may produce
substantial changes in the sediment response. More closely spaced experimental measurements in this
region would reduce the uncertainty associated with linear interpolation and provide a more reliable
basis for identifying abrupt transitions and bifurcation behavior.

Moreover, experimental observations show that variations in water metal concentration may
induce abrupt changes in sediment concentration, either from a lower to a higher contamination state
or vice versa [12]. Similar jump phenomena are well known in nonlinear mechanical systems,
particularly in cubic Duffing-type models, where sudden transitions between stable states may occur
due to nonlinear feedback mechanisms [13]. By analogy, it is hypothesized that an analogous nonlinear
framework may be appropriate for describing transitions in sediment contamination as a function of
water metal concentration.

Finally, field observations confirm that heavy metal accumulation in sediments often exhibits
pronounced nonlinear characteristics that cannot be captured by the linear uptake model. Feedback
processes associated with adsorption mechanisms, particle interactions, chemical equilibrium, and
saturation effects may lead to deviations from proportional behavior. These observations motivate the
extension of the framework toward a nonlinear dynamical model capable of describing complex
environmental responses, including possible multiple equilibrium states and abrupt contamination
transitions.

3. Materials and methods

3.1. Constant pollution source and nonlinear sediment uptake

Assuming that the pollution source maintains a constant concentration of heavy metals, the
sediment uptake process is described by a nonlinear dynamical model. Unlike the linear formulation,
this model incorporates nonlinear accumulation and saturation effects, which are frequently observed
in environmental systems. The model is written as:

dc;

ar =l kaG qiCt — piCP (6)

where C; denotes the concentration of a heavy metal in sediment [mg/kg], I; is the concentration
of the metal introduced by wastewater or polluted water [mg/L], k; C; represents removal and
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resuspension processes, q;C? describes nonlinear accumulation mechanisms (e.g., autocatalytic
enhancement of metal retention), and p;C; accounts for saturation effects.

The cubic functional form in Eq. (6) is introduced as the lowest-order polynomial representation
capable of describing nonlinear enhancement and saturation of sediment metal accumulation. The
linear term, —k;C; represents the first-order removal or resuspension process, while the positive
quadratic term q;C?, accounts for concentration-dependent enhancement of metal retention. At higher
sediment concentrations, the negative cubic term, —p;C?, becomes dominant and limits further
accumulation, thereby representing saturation or a decrease in the net accumulation rate. Consequently,
the competition between the quadratic enhancement and cubic saturation terms can produce a nonlinear
equilibrium relation with multiple equilibrium states and, under appropriate parameter conditions,
bifurcation behavior. The cubic model is therefore used as a reduced-order phenomenological
representation of the competing accumulation and limiting mechanisms rather than as a direct
derivation from a single microscopic adsorption mechanism.

The quadratic term represents positive feedback mechanisms associated with enhanced
adsorption, cooperative sorption processes, bioaccumulation, and particle interactions. The cubic term
introduces saturation effects caused by the finite capacity of sediment binding sites, preventing
unlimited accumulation at high contamination levels. Such nonlinear formulations are widely
employed in reaction—diffusion systems, ecological dynamics, and adsorption kinetics to describe
feedback-driven growth and saturation effects. Consequently, Eq. (6) provides a physically motivated
framework that incorporates deposition, resuspension, nonlinear sorption, and saturation within a
single dynamical model.

The nonlinear structure of Eq. (6) is consistent with developments in adsorption science and
complex environmental systems, where nonlinear feedback mechanisms and multistability have been
increasingly reported. Modern adsorption isotherm modeling emphasizes that heterogeneous surface
interactions and cooperative effects can lead to nonlinear accumulation dynamics that cannot be
captured by classical linear models [14]. In particular, comprehensive reviews of adsorption isotherms
highlight the importance of nonlinear parameterizations in describing real environmental systems with
complex sorption behavior and competing processes [14,15].

Furthermore, studies in complex systems ecology demonstrate that environmental systems under
resource or pollutant stress may exhibit abrupt regime shifts, hysteresis, and bistability due to nonlinear
feedback loops and threshold dynamics [16,17]. These observations provide a physical motivation for
interpreting the quadratic and cubic terms as effective representations of cooperative accumulation and
saturation mechanisms.

Eq. (6) thus simultaneously incorporates deposition, resuspension, nonlinear sorption, and
saturation effects. Parameters k;, q;, and p; represent effective linear and nonlinear interactions
governing the transfer and accumulation of heavy metals in sediment. Their values are determined by
fitting the model to experimental sediment-water concentration data. This is typically performed using
nonlinear regression techniques, most commonly nonlinear least squares optimization, which
minimizes the deviation between measured and modeled concentrations over time. When site-specific
data are limited, parameter values can also be adopted from literature studies reporting similar
sediment types, environmental conditions, and metal species.
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The nonlinear feedback structure of the system suggests the possible emergence of multiple stable
equilibrium states under the same external forcing conditions. This implies that the system may exhibit
multistability, where different long-term contamination levels coexist depending on initial conditions.
As a consequence, small changes in the control parameters may trigger abrupt regime shifts between
low and high contamination states, indicating the presence of potential bifurcation behavior.

3.1.1.  Environmental controls and scope of the reduced-order model

The proposed cubic formulation is intentionally developed as a reduced-order model in which the
effects of several physicochemical processes are represented through effective parameters rather than
through explicitly resolved environmental variables. In natural aquatic systems, metal partitioning
between the water column and sediment is affected by pH, total organic carbon (TOC), sediment
particle size and mineralogy, Fe/Mn oxyhydroxides, competing metal ions, redox conditions,
temperature, and hydrodynamic processes such as resuspension and deposition. These factors may
modify the availability of adsorption sites, metal speciation, desorption rates, and the effective
nonlinear feedback associated with sediment accumulation.

Accordingly, parameters k;, q;, and p; should not be interpreted as universal constants for a
given metal. Rather, they represent effective, site- and condition-dependent parameters that implicitly
incorporate the combined influence of the environmental processes not explicitly resolved in the
present formulation. Changes in pH or redox conditions, for example, may alter metal speciation and
adsorption affinity, whereas variations in TOC, particle size, and Fe/Mn oxyhydroxide content may
modify the effective retention capacity of the sediment. Similarly, competing metal ions and
hydrodynamic resuspension may change the apparent balance between accumulation and removal.

This model therefore does not attempt to replace a fully mechanistic geochemical or
hydrodynamic model. Its purpose is to identify whether the observed water—sediment relationship can
exhibit nonlinear response, multiple equilibria, hysteresis, and critical transition thresholds. The
identified bifurcation boundaries should consequently be interpreted as conditional thresholds valid
for the environmental state represented by the calibration data. For application to other sites or
substantially different environmental conditions, the effective parameters should be recalibrated using
site-specific measurements.

This reduced-order formulation also provides a basis for future model extensions in which
selected environmental variables, such as pH, TOC, redox potential, suspended sediment
concentration, or seasonal hydrodynamic forcing, can be introduced as additional control parameters.
Such an extension would enable the position and width of the bistable region to be evaluated under
changing environmental conditions.

3.2. Stationary states: number and existence

) .\ dc;
For stationary conditions, d—t‘ = 0, Eq. (6) becomes:

f(C) =1, — kiC; + q;C} — p;C} (7)
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and therefore:
I; — kiC; + q;CF —p:CP =0 (8)

The solutions of the cubic equation (8) define the stationary concentrations of heavy metals in
sediment. Since Eq. (8) may possess either one or three real roots, the system can exhibit either one or
three stationary states.

The number of real roots is determined by the discriminant of the cubic equation. To evaluate the
discriminant, introduce the transformation:

di
C; = -—
which yields:
y*+Py+Q=0 (10)
_ 3piki—af _ 24} -9pikiqi+27pfl;
where P = “pZ Q= 277
The discriminant of Eq. (10) is:
Q P
A: N2 —3\3 11
G+ 3) (an

Analysis of the discriminant leads to the following conclusions:
e For A> 0, Eq. (8) has one real stationary solution and two complex conjugate roots.
o For A <0, there exist three real stationary solutions.
e A =0 represents the bifurcation (critical) curve at which two roots merge.
Although the bifurcation condition can be expressed through Eq. (11), its analytical interpretation
is cumbersome. Therefore, an alternative and more physically transparent formulation is introduced.

3.3. Transient evolution toward steady states

In the bistable regime, where Eq. (8) possesses three real solutions, the transient evolution can be
obtained by factorizing the cubic polynomial. To determine the transient time evolution, Eq. (6) is
rewritten in the form:

dC; _ gt
C3_ﬂc?+ﬁc._ﬁ_ P (12)
T T
1.€.,
i Y ac dt (13)
= C-c) l
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when C;,j =1,2,3, are the three real solutions of (13), and A4;,j =123, are three
corresponding constants. After integration for the initial condition C;(0) = C;, the solution is:

3
=1

where Aj forj = 1,2,3, are constant. After some modification of (14) the implicit form of

| = —pit (14)

Ci— G
Cio — G

concentration variation is:

3 A].

[

Ca=C = exp(—p;t) (15)
j=1 7%

Equation (15) describes the transient evolution of the metal concentration in the sediment as a
function of the metal concentration in the water. In the long-time limit, the system approaches one of
the possible steady-state values C;. The selected equilibrium state depends not only on the current
pollution level but also on the pollution history, indicating the presence of path-dependent behavior
and possible hysteresis effects.

Equation (15) provides the mathematical trajectory toward an equilibrium state for a prescribed
constant input and initial condition; however, it does not constitute a calibrated prediction of the
duration of a real environmental regime shift. In particular, the available measurements consist of
discrete sampling campaigns rather than a sufficiently resolved time series covering a transition
between alternative stable states. Therefore, the dataset does not enable reliable estimation of transition
duration or jump velocity.

The transient formulation should consequently be interpreted as a theoretical description of
relaxation toward equilibrium rather than as a quantitative prediction of the rate of an environmental
tipping event. Quantification of transition duration would require time-resolved measurements of
water and sediment metal concentrations, together with hydrodynamic and physicochemical variables.
Such observations could subsequently be used to calibrate a fully dynamic version of the proposed
model.

3.4. Determination of the bifurcation curve

Differentiating Eq. (7) with respect to C; gives:
f'(€) = 3piCf —2qiCi + Ky (16)
For (16) equal to zero yields:
3p;C? — 2q;C; + k; =0 (17)

with solutions:
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. / 2 _3p.k.:
C1,2 _ ql i QL 3plkl (18)

ib 3pl

The second derivative of the function given by Eq. (7)is f (C;) = 6p;C; — 2q;, This function is
used to determine the extrema of the steady-state solutions given by Eq. (18). If the value of f (C;)
at C} is negative, the corresponding solution represents a local maximum, whereas if f (C;) is
positive, the solution Cj, corresponds to a local minimum. Consequently, the coordinates of the local
minimum and maximum points are denoted as (I},CL) and (13,C3), where I} = k;Ch —
qi(C3)? + q;(CL)3 and 13 = k;C? — q;(CA)? + q;(C5)3. In other words, the points defined by
Eq. (18) correspond to the local maximum and local minimum of the steady-state response function.
These points represent the critical states at which the system changes its stability characteristics and
may exhibit abrupt transitions between steady-state metal concentrations. The condition for the
existence of three stationary states, corresponding to one local maximum and one local minimum of
the steady-state function, is:

q7 —3pik; > 0 (19)
whereas:
q? —3pik; <0 (20)

Indicates that Eq. (8) has no extrema and therefore only one stationary solution exists.
Consequently, the necessary condition for bistability is given by Eq. (19), namely.

When a stationary point simultaneously satisfies the condition for an extreme, it becomes a
bifurcation point. Mathematically, the bifurcation concentration Cj;, is determined by the conditions

fCp) =0, f'(Cp)=0 (21)
Expressing k; from Eq. (21)2 and substituting it into Eq. (21)1 gives:
ki = =3p,Cf, + 2q;Cip, I; = Cip (q; — 2piCH)- (22)

Equations (22) represent the parametric form of the bifurcation curve. Using the critical
concentrations defined by Eq. (18), the upper and lower limits of the hysteresis region are obtained as:

Iiy = Cip1(q; — 2piCh1), Iiy = Cipa(q; — 2piChy) (23)

The region enclosed by these curves corresponds to the bistable domain, where three stationary
states coexist, whereas outside this region only one stationary state exists. Therefore, the occurrence
of bifurcation requires the fulfillment of condition (19), which ensures the existence of two real roots
of Eq. (17).

By eliminating the parameter C;;, from Egs. (22), the implicit curve in the (I;, p;) parameter plane
is obtained. This curve separates the region with a single stationary state from the region where three
stationary states exist. It represents the boundary of a fold (saddle-node) bifurcation.

Remark: The conditions A=0 and Eq. (22) describe the same bifurcation curve, expressed in two
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different mathematical forms. For ecological applications, the parametric representation given by Eq.
(22) is more convenient because it allows direct visualization of the bifurcation structure in the (p;, [;)
parameter plane.

3.5. Critical bifurcation point

Of particular importance is the determination of the critical bifurcation point. It occurs when

q? = 3p;k;, i.e., when the two solutions of Eq. (17) coincide. Substituting C;;, = q;/3p; into (18)
yields:

a0 4 _ 24

Ly, =5—-(1 9p;

3, (24)

Finally, it is concluded that the tipping point leads to a sudden transition to a highly polluted state,
while hysteresis implies a strong irreversibility in returning to the previous state. Equation (20) defines
the critical value of the input metal pollution. This value represents an ecological “tipping point” or
critical transition threshold.

3.6. Stability of stationary states

For stationary states C;, which are solutions of the cubic equation, stability is determined by
evaluating the derivative of the function f'(C;). The following holds:

If f'(C;)>0, the stationary state is unstable.

If f'(C;)<O0, the stationary state is stable.

For three real roots, the lower and upper branches are stable, while the middle branch is unstable.
This has a clear physical interpretation:

For small [;, there exists a single stable state with low contamination.

When [; reaches a critical value, two stationary states merge and the system becomes unstable.

Beyond this threshold, the system abruptly transitions to a high-contamination stable state.

Such abrupt transitions are commonly referred to as critical transitions or “tipping effects.” While
perturbations are small, the system returns to its original state. However, once the critical point (tipping
point) is crossed, the system undergoes an abrupt transition toward an alternative stable state.

3.7. Sampling and analysis

The model was validated using water and sediment samples collected during sampling campaigns
conducted in October 2024 and May 2025 within the Novi Sad-Savino Selo section of the Danube-
Tisa-Danube (DTD) Canal, Serbia. The sediment samples were dried at 105°C and subsequently
subjected to microwave-assisted acid digestion according to USEPA Method 3051A [18]. The pseudo-
total concentrations of Ni and Cu in the in the sediment and water samples were determined according
to USEPA Methods 7000B [19] and 7010 [20].

Quality assurance and quality control (QA/QC) procedures were implemented throughout the
analytical process to ensure the accuracy and precision of the measurements. Method blanks were
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processed together with the samples to assess potential contamination during sample preparation and
analysis. Duplicate analyses were performed to evaluate analytical precision, with relative standard
deviations (RSD) of 4% for Ni and 7,37% for Cu. The accuracy of the analytical procedure was
assessed using a certified reference material (CRM), “Metals in soil” - SQC001-30G Lot No
LRAC9394, subjected to the same digestion and analytical procedures as the sediment samples.
Recoveries of Ni and Cu were 98,17% and 99,44%, respectively. Instrument calibration was performed
using appropriate multi-point calibration standards, and calibration verification standards were
analyzed periodically to confirm instrument stability. The limits of detection (LOD) and limits of
quantification (LOQ), determined under the applied analytical conditions, were 0,011 and 0,023 mg/kg
for Ni and 0,012 and 0,025 mg/kg for Cu, respectively. Metal concentrations in the method blanks
were below the corresponding detection limits. These QA/QC results confirmed satisfactory accuracy,
precision, and absence of significant contamination during sample preparation and instrumental
analysis [19].

4. Application of the model to determine the relationship between heavy metal concentrations
in water and sediment

To demonstrate the applicability of the proposed theoretical framework, mathematical models
were constructed using experimental data reported in the literature. These models were developed in
accordance with the proposed nonlinear theory and were used to investigate the contamination state as
well as the influence of changes in heavy metal concentration in water on the corresponding
concentration in the sediment. Two case studies were analyzed. The first considered Cu and the second
Ni in the South Saskatchewan River, using the experimental data reported by Prajapati et al. [12]. In
addition, the previously developed models, based on measurements obtained at the Danube-Tisa-
Danube (DTD) Canal, at the Novi Sad-Savino Selo section near Rumenka, Serbia, before 2024, were
shown to accurately reproduce the newly measured Cu and Ni concentrations in water and sediment
collected at the same location, confirming their predictive capability.

4.1. Modeling the distribution of Cu in water and sediment based on experimental data

Using the procedure described above, a mathematical model was developed based on the
experimental data reported by Prajapati et al. [12] for Cu transport in the South Saskatchewan River.
The measured concentration pairs (I;, C;) for Cu were (0.1, 0.3), (0.3, 0.5), (0.25, 1.5), and (1.8, 3),
with units of (ug/L, mg/kg). The measured data indicate that the first two points belong to the lower
branch of the response curve, whereas the remaining two points lie on the upper branch. This
distribution suggests the existence of a nonlinear multivalued relationship between heavy metal
concentrations in water and sediment, which is consistent with bistable system behavior predicted by
the proposed model.

Using the least squares method, the following cubic relationship is obtained:

I; — 1.0309C; + 0.97C? — 0.27C3 =0 (25)

Figure 2 presents the response curve C;(I;) obtained from Eq. (25) together with the experimental
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data. The measured concentration pairs are close to the predicted curve, indicating good agreement
between the nonlinear model and the experimental observations.

25

2.0

05l
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Figure 2. Response curve C;(l;) for Cu with the measured data (black points) and the
predicted critical bifurcation points (red points).

Table 1 compares the measured Cu concentrations in water [;,, with the calculated values
) ) ) ) ) I;—1I;

I; obtained for the prescribed sediment concentrations C; The relative error Iz = |%| was
i

calculated to quantify the deviation between the measured and modeled values. The results show that
the differences between the measured and calculated concentrations are relatively small, with the
maximum error not exceeding 16%.

Table 1. Comparison of measured and calculated Cu concentrations in water.

Ci Iim Ii Iierr

0.3 0.10 0.1192 0.1610
0.5 030 0.3067 0.0196
1.5 0.25 0.2751 0.0912
3.0 1.8 1.5527 0.0891

The Ci(l;) diagram shown in Figure 2 exhibits an S-shaped response curve. Such behavior
indicates the possibility of bifurcation and abrupt transitions between different sediment contamination
states as the Cu concentration in water increases. Parameter p; was selected as the bifurcation control
parameter. Figure 3 presents the C{(/;) diagrams for different values of p;.

As can be observed, increasing p; gradually reduces the nonlinear character of the response curve.
The S-shaped structure becomes progressively smoother and transforms into a monotonic curve
without extrema. Therefore, determining the critical value of p; at which the bifurcation structure
disappears, is of particular importance.
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| — p=0.25
p;=0.27
1 — p;=0.3042
1 — p=035

Figure 3. Influence of the parameter p; onthe C;(I;) response curve for Cu.
4.1.1.  Critical points and multistability

Using the condition d/;/dCi=0 obtained from the Eq. (25), the extremal values of the function
I;(C;) were calculated and are presented in Table 2.

Table 2. Calculated extremal values of the input Cu concentration /; and corresponding
sediment concentrations C;.

Type Cip Lip
Local maximum 0.79583 0.34216
Local minimum 1.59923 0.27216

These critical points are also shown in Figure 2. The calculated values define distinct regions
characterized by different numbers of real stationary solutions:

For 1;>0.342166 - one real solution;
For 0.27216 <1; <0.34216 - three real solutions;
For 1;<0.27216 - one real solution.

Therefore, a bistable (hysteretic) region exists within the interval 0.27216 < ; <0.34216 where
the system can exhibit abrupt transitions between different steady states. Specifically, the transition
from one to three stationary solutions occurs at /; =0.34216, whereas the reverse transition from three
to one stationary solution occurs at /; =0.27216. The width of the hysteresis interval is therefore A I;
=0.342166—-0.272160=0.070006. This hysteresis width represents the range of input metal
concentrations over which multiple stationary sediment contamination states coexist.
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4.1.2. Bifurcation interpretation

The bifurcation structure can also be analyzed using the parameterized form:
3p;C? — 1.94C; + 1.0309 = 0 (26)

This defines the fold (saddle-node) bifurcation curve in the (p;, C;) plane. In Figure 4, the
bifurcation diagram C;( p;) is plotted. The bifurcation diagram C;( p;) shows the set of critical
points where the system loses uniqueness of solutions.

RN SR PR fa o g R T s S R R i R R ) m s S R A G S TR SR R B R o AR e e ) |
10 .

U L - B

Lo v b b e b 1 | |

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35

Figure 4. C;( p;) bifurcation diagram with the critical point (red point).

The critical value is obtained when the discriminant condition holds, i.e., d/;/dCi=0. At the critical
condition, the tangent is vertical. At the critical state, the two extrema of the response curve merge,
which corresponds to the condition of zero discriminant of Eq. (13) i.e. g2 — 3 p;k; = 0. For the Cu
model, this condition gives p;. = 0.3042. The corresponding critical sediment concentration is

Cip = % — 1.062 . while the critical Cu concentration in water is obtained from Eq. 25): Iy =

Picr

0.3652. At this point, the two-fold bifurcation points coalesce and the system reaches the threshold
separating the monostable and bistable regimes. Near this critical point, small variations of control
parameter p; may cause large changes in the sediment Cu concentration, leading to abrupt transitions
between low- and high-contamination states.

Remark: For the fitted Cu model, p; = 0.27, which is below the critical value p;.. = 0.3042.
Therefore, the system remains in the bistable regime characterized by the existence of two extrema of
the stationary response curve (see Figure 2).

At this critical point, the system becomes highly sensitive to parameter variations. Specifically:
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e A small variation in control parameter p; may produce a large change in the sediment
concentration Ci, which appears in the bifurcation diagram as a nearly-vertical response near
the critical point.

e The stable and unstable equilibrium branches merge and disappear, corresponding to a
fold (saddle-node) bifurcation.

o The metal transport process becomes strongly nonlinear, with coexistence of multiple
equilibrium states, as illustrated in Figures 2 and 4.

Consequently, the system may undergo an abrupt transition between equilibrium states. The
boundary between monostable and bistable regimes is determined by the fold bifurcation points, where
the number of real stationary solutions changes.

From a physical perspective, these results indicate that Cu transfer between water and sediment
cannot always be described by a gradual proportional relationship. Instead, nonlinear feedback
mechanisms may cause a sudden transition from a low-accumulation state to a high-accumulation state,
or vice versa, without a continuous intermediate response.

Thus, the vertical tangent in the bifurcation diagram represents the limit of system predictability,
where hysteresis effects and abrupt environmental regime shifts may occur.

4.2. Modeling the distribution of Ni between water and sediment based on experimental data

Using the procedure described in Section 3, a model describing the relationship between the Ni
input concentration in the water column and its concentration accumulated in the sediment was
developed based on experimental data for Ni transport in the South Saskatchewan River [12]. The
measured ([;, C;) data pairs extracted from the study were (2,12), (4.5,11), (1.5,13), and (3,15), with
units of (ug/L, mg/kg).

o T T T T ] T T T —T—— — T

15 =

G 10 —

Figure 5. C;(I;) diagram for Ni based on the measured values (black points) [12] and
critical values (red points).
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The model parameters were determined using the least-squares method, yielding k;=9.280,
qi=1.364, p;=0.0506. Substituting these values into the proposed model gives the following cubic
equation:

I; —9.280C; + 1.364 C? — 0.0506 C} = 0 27)

Figure 5 shows the C;(I;) relationship obtained from Eq. (27). Table 3 compares the values
calculated using Eq. (27) with the experimental measurements, together with the corresponding
relative differences. Since the absolute errors are small, with a maximum deviation of approximately
+0.35, the proposed cubic model provides an excellent description of the observed data.

Table 3. Comparison of measured and calculated Ni concentrations in water.

Ci Iim Ii Iierr

12 2.0 2.35 0.1489
11 45 436 0.0321
13 1.5 1.26 0.1904
15 3.0 3.03 0.0099

Since all parameters in Eq. (27) are positive, the model is compatible with an S-shaped response

. . . . dr; .
curve and the occurrence of hysteresis. The fold points of the curve satisfy the condition d_cl =0,1.e.,
i

9.280 — 2.728 C;+0.1518 C? =0 (28)

The local maximum and minimum values of the Ni concentration in the sediment were obtained
by solving Eq. (28). The corresponding values are listed in Table 4 and are marked by red dots in
Figure 5.

Table 4. Calculated extremal values of the input Ni concentration [; and corresponding
sediment concentrations C;.

Type Cib Lip

Local maximum 12.6 1.5984
Local minimum 5.40 18.305

Since the measured values are predominantly within the range C;=11-15, they indeed fall into

the region where the upper and lower stable branches of the S-shaped curve may exist. The
experimental dataset is highly consistent, enabling accurate predictions based on the S-shaped response
curve. Equation (27) enables the sediment Ni concentration C; to be determined from a measured input
concentration [;, and conversely, the corresponding input concentration I; can be estimated from a
given value of C;. It should be emphasized, however, that an unambiguous determination of the correct
equilibrium state requires knowledge of the system history, since the bistable region exhibits
hysteresis.
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Figure 6 presents the family of C;(l;) diagrams generated from:
I; —9.280C; + 1.364 C2 — p,C3 =0 (29)

for different values of the parameter p;, illustrating the influence of this parameter on the shape of the
equilibrium curve and the occurrence of bistability.

20 T T T T T

| — p=002
p;=0.0506
| — pi=0.0668
| — p=0.085

Figure 6. C;(I;) diagram for Ni for various values of parameter p;.

From Figure 6, it can be observed that decreasing p; weakens the nonlinear cubic contribution,
reduces the separation between the fold points, and eliminates the bistable (hysteresis) region, leading
to a single-valued monotonic response. At the critical value of pip_p;, the system loses the ability to
support multiple equilibrium states and jump transitions, although the governing relationship remains
nonlinear.

To determine the critical value of the parameter p;, the bifurcation equation corresponding to
different values of p; was analyzed:

9.280 — 2.728 C; + 3p; C =0 (30)

Figure 7 shows the corresponding bifurcation diagram C;(p;). The critical point, corresponding
to the condition dp;/dC; = 0; is obtained as Cj,. = 6.804 and p;p. = 0.0668. This point is
highlighted by a red dot in Figure 7.
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Figure 7. C;( p;) bifurcation diagram for Ni with the critical point (red point).

Figure 7 demonstrates that two solutions exist for p; < p;p.r, a single critical solution is obtained
at Piper = 0.0668, and no equilibrium solution exists for p; > p;pc-- These findings correspond to the
behavior of the bifurcation curves shown in Figure 6.

4.3. Distribution of measured Ni and Cu concentrations in water and sediment with respect to the
proposed model: A case study

Measurements of Cu and Ni concentrations in water and sediment were performed at the Danube-
Tisa-Danube (DTD) Canal, at the Novi Sad-Savino Selo section near Rumenka, Serbia. Mathematical
models had previously been developed based on measurements collected before 2024. The model
parameters were determined by least-squares fitting of the experimental data. In this study, the newly
measured concentrations were compared with the predictions of the corresponding previously
established models. The agreement between measured and calculated values was evaluated by
determining the relative errors, providing an independent assessment of the validity and predictive
capability of the proposed models for the same monitoring site.

Figure 8 presents the C;(I;) model for Cu, analytically described by the following cubic equation:

I; = 2.33913 C; — 0.34578 C? + 0.013935 C} 31

The diagram in Figure 8 exhibits the characteristic S-shaped response with two turning points and
a critical point, indicating the existence of multiple equilibrium states.
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Figure 8. C;(I;) diagram for Cu obtained from the proposed cubic model, with newly
measured data points (black points)

The newly measured data points, (C;, [;) = (17.09, 8.54), (14.8, 4.3), and (13.8, 2.99), were
superimposed on the existing curve and are shown as black points in Figure 9. All newly measured
values lie on the upper stable branch of the S-shaped curve. Table 5 compares the measured and model-
predicted values of [;, calculated according to Eq. (31), with the corresponding relative errors.

Table 5. Comparison of measured and calculated Cu concentrations in water.

Ci Iim Ii Iabs Iierr
15.10 8.544+1.53 8.5402 0.0002 0.002 %
14.80 4.301+0.70 4.0539 0.2461 5.72%
1520 2.3840.43 3.0550 0.0650 2.17 %

The results demonstrate good agreement between the measured and calculated values. The mean
relative error for the three analyzed points is approximately 2.63%, while the maximum absolute error
is 0.2461. These results confirm that Equation (31) can be successfully applied to predict the Cu
content in sediment based on the corresponding Cu concentration in water at the Danube-Tisa-Danube
(DTD) Canal, at the Novi Sad-Savino Selo section near Rumenka, Serbia.

Figure 9 presents the C;( [;) diagram for Ni, described by the following equation:

I; = 0.150645 C; + 2.3614 1074C? (32)

The curve given by Equation (32) was determined based on previous measurements. It was found
that the coefficient of the quadratic term in Equation (32) is equal to zero. Therefore, this curve
represents a modified S-shaped curve without a critical point.
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Figure 9. C;(I;) diagram for Ni obtained from the proposed cubic model, with newly
measured data points (black points).

The newly measured values (C;, I;) = (20.6,4.97), (25.3,8.55), and (28.4,9.1) are plotted in
Figure 10 and marked as black points. From Figure 10 it can be observed that the measured values are
in close proximity to the model curve. Table 6 presents the measured and calculated [; values,
together with the calculated absolute and relative errors.

Table 6. Comparison of measured and calculated Ni concentrations in water

Ci Iim Ii Iabs Iierr
16.00 4.97+£0.89 5.1676 0.1976 3.98 %
2530 8.86+1.59 7.6354 0.9146 10.70 %
28.40 8.24+1.48 9.6874 0.5874 6.46 %

For the three analyzed measurement points, the mean relative error is (7.04%), while the
maximum absolute error is 0.9. Despite the limited number of validation points, the obtained
agreement between the measured and calculated values indicates that the proposed model provides a
satisfactory representation of the observed Ni partitioning behavior. Therefore, Equation (32) can be
considered a useful predictive tool for estimating Ni content in sediment based on its concentration in
water at the Danube-Tisa-Danube (DTD) Canal, at the Novi Sad-Savino Selo section near Rumenka,
Serbia. The results confirm that even the simplified cubic model without a critical point can describe
the experimentally observed water—sediment relationship and can support the assessment of Ni
distribution between the two environmental compartments.
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5. Discussion

The proposed nonlinear model provides a unified framework for describing the distribution of
heavy metals between the water column and sediment. Unlike conventional linear regression
approaches, the cubic formulation captures the nonlinear feedback between the input metal
concentration /; and the sediment concentration C;, enabling the identification of multiple equilibrium
states, fold bifurcations, and hysteresis effects.

The theoretical analysis shows that the existence of an S-shaped response curve is governed by
the balance between the linear, quadratic, and cubic terms of the model. The condition for the
occurrence of multiple equilibria, gq? > 3k;p;, defines the parameter region in which two stable

equilibrium branches separated by an unstable branch may exist. The fold points obtained from % =

0 represent critical thresholds at which the system loses stability and undergoes abrupt transitions
between different contamination states.

The application to Cu and Ni transport demonstrates the practical significance of this nonlinear
behavior. In both cases, the experimental data are accurately represented by the cubic model and are
located within the region where an S-shaped response and bistability may occur. Consequently, the
same input metal concentration may correspond to different sediment contamination levels depending
on the previous evolution of the system. This indicates that the metal partitioning process is not
determined exclusively by the current pollution intensity but also depends on the system history.

The obtained results are consistent with previous studies showing that metal partitioning between
the aqueous phase and sediments is generally governed by nonlinear adsorption and desorption
processes rather than by a strictly proportional relationship. Research on adsorption isotherms has
demonstrated that nonlinear formulations can arise from heterogeneous binding sites, saturation
effects, and differences in adsorption affinity [14,15]. Our results extend this interpretation by showing
that such nonlinear water—sediment relationships may also generate multiple equilibrium states and
hysteresis. In addition, the observed threshold behavior is consistent with the broader concept of
critical transitions and regime shifts reported for complex aquatic environmental systems [16,17].
However, unlike conventional nonlinear fitting approaches, this study explicitly determines the fold
points and critical conditions separating monostable and bistable regimes. This provides an additional
interpretation of the nonlinear metal partitioning behavior in terms of potential abrupt transitions and
history-dependent responses.

The Cu and Ni models exhibit critical values of the bifurcation parameter p; that separate bistable
and monostable regimes. For the Cu model, the critical condition is obtained as p;.- = 0.3042, with
the corresponding critical sediment concentration Cj.- = 1.062 and input concentration I, =
0.3652. For the Ni model, the corresponding critical values are p;., = 0.0668 and C;;,., = 6.804.
These critical points define the transition at which the two-fold points merge and the system lose its
ability to sustain multiple equilibrium states. Moreover, the fitted parameter values for both cases,
p; = 0.27 for cupper and p; = 0.0506 for Ni, are below their corresponding critical values.
Therefore, both calibrated systems operate within the bistable regime characterized by the coexistence
of multiple equilibrium solutions and possible hysteresis behavior.
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5.1. Environmental interpretation of the critical thresholds

The calculated fold points can be interpreted as site-specific screening thresholds rather than as
universal regulatory limits. For the Cu case, the modeled response identifies three concentration
regimes: a low-input monostable regime below /¢, =0.27216, a bistable regime between /¢,=0.27216
and 0.34216, and a high-input monostable regime above /c, =0.34216. The corresponding hysteresis
width is Alc, =0.070006. For Ni, the corresponding fold points are /y; =1.5984 and 18.305, giving a
hysteresis width of Aly; =7.20 in the units of the water-column Ni concentration.

Table 7 presents the operational risk zones and hysteresis widths for Cu and Ni, while the
corresponding zoning diagrams are shown in Figure 10.

Table 7. Operational risk zones for Cu and Ni.

Metal Low-contamination  Bistable/tipping High-contamination = Hysteresis width
monostable zone risk zone monostable zone

Cu [; <0.27216 027216 <1;<0.34216 ;> 0.34216 0.070006

Ni I; < 1.5984 1.5984< 1; < 18.305 1;>18.305 16.7066

From an environmental-management perspective, these intervals can be used to define three
operational risk zones: The low-input region may be regarded as a lower-risk monostable zone, the
interval between the fold points as a tipping-risk or early-warning zone, and the region beyond the
upper fold point as a high-contamination zone in which the system is predicted to remain on the high-
contamination branch. The bistable interval is particularly important because the sediment state cannot
be inferred uniquely from the current aqueous concentration alone and depends on the previous
pollution history.

Figure 10. Zoning diagram for: a) Cu and b) Ni, Zone I — low risk zone (dark gray color);
Zone II — tipping risk zone (gray color); Zone III — high contamination zone (white color)
and the boundary conditions (red points).
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These model-derived thresholds should not be interpreted as replacements for legally established
water-quality standards. Instead, they provide site-specific nonlinear-response thresholds that can
complement regulatory concentration limits. In practical watershed management, the lower fold may
be used as an early-warning level, while maintaining aqueous concentrations below the bistable
interval may reduce the probability of crossing a transition threshold. Before regulatory application,
these thresholds should be independently verified using longer-term monitoring and site-specific
physicochemical data.

Based on the data given in Table 7 and the hysteresis indicator Al = L, — Ijower, the relative
hysteresis width is obtained as H = (Ippr — liower)/liower; for Cuitis 0.257 and for Ni it is 10.452.
Despite the fact that the relative width for the bistable zone is almost 40 times higher for Ni than for
Cu it does not mean that the remediation cost is higher. This model does not provide sufficient
information to quantify remediation-related costs, which would also require site-specific information
on sediment volume, remediation efficiency, treatment duration, recovery kinetics, and associated cost
functions.

5.2. Advantages and limitations of the model

The Model considered in this paper is not a complete geomechanical/hydrodynamic model or a
regulatory tool, but a reduced-order bifurcation model that provides the site-specific nonlinear
screening thresholds.

Within this interpretation, bistability and saddle-node bifurcations are analogous to transitions
between alternative states separated by an effective potential barrier. The hysteresis observed in the
C;(1;) relationship implies that the contamination level may follow different pathways during pollution
increase and decrease. Therefore, sediment recovery after pollution reduction may not necessarily
occur along the same trajectory as contamination growth, which is relevant for environmental
management and remediation strategies.

Within this interpretation, bistability and saddle-node bifurcations are analogous to transitions
between alternative states separated by an effective potential barrier. The hysteresis observed in the
C;(I;) relationship implies that the contamination level may follow different pathways during pollution
increase and decrease. Therefore, sediment recovery after pollution reduction may not necessarily
occur along the same trajectory as contamination growth, which is an important consideration for
environmental management and remediation strategies.

The main advantage of the proposed approach is that it provides information beyond conventional
empirical fitting. In addition to reproducing the measured data with small deviations, the model
identifies critical thresholds, predicts alternative equilibrium states, and determines conditions under
which abrupt changes in sediment contamination may occur. The comparison of Cu and Ni
demonstrates that these nonlinear features are not restricted to a particular metal but arise from the
proposed cubic transport structure.

However, the model has limitations. Since the cubic formulation describes equilibrium
relationships, it does not provide information about the time evolution of the system or the transition
rate between different states. Furthermore, within the bistable region, the physically realized
equilibrium cannot be uniquely determined from the input concentration alone; additional information
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concerning system history, initial conditions, and environmental processes is required. Future
developments may include coupling the equilibrium formulation with dynamic transport models and
incorporating processes such as sediment resuspension, seasonal variations, and chemical
transformations.

A further limitation concerns temporal validation. The available observations provide
independent concentration measurements and demonstrate consistency between the model response
and measured water—sediment concentrations, but they do not form a sufficiently dense time series
through an observed regime transition. Consequently, we validate the equilibrium relationship and the
location of the response branches, but we do not validate the duration or rate of transitions between
stable states. The bifurcation framework identifies conditions associated with loss of equilibrium
stability, whereas the actual temporal evolution of a regime shift depends on kinetic, hydrodynamic,
and geochemical processes that are not explicitly resolved here. Future monitoring should therefore
combine water and sediment concentrations with pH, TOC, redox potential, suspended solids, flow
conditions, and seasonal observations to calibrate and test a dynamic extension of the model.

6. Potential applications and broader significance

Beyond describing the equilibrium relationship between water and sediment contamination, the
proposed framework provides a basis for predicting critical transitions in aquatic pollution systems.
Unlike conventional approaches that focus mainly on estimating current contamination levels, the
bifurcation-based model identifies the conditions under which a gradual increase in pollution input
may lead to an abrupt shift toward a highly contaminated sediment state. In this sense, the model can
serve as a theoretical foundation for the development of early-warning indicators for environmental
regime shifts.

The identification of critical thresholds and hysteresis regions is particularly relevant for sediment
management and remediation strategies. Due to history-dependent behavior, a reduction in external
pollution input does not necessarily result in an immediate return to the previous contamination state.
The proposed approach therefore provides insight into why sediment recovery may exhibit delayed
responses and why prevention of crossing critical thresholds is often more effective than remediation
after a regime shift has occurred.

Furthermore, the model can be integrated with hydrodynamic and water-quality simulation tools
by using predicted pollutant inputs as control parameters for assessing system stability and transition
risks. Such integration may improve environmental risk assessment by complementing concentration-
based predictions with information about system resilience, stability loss, and potential abrupt changes
in contamination regimes.

The main strength and novelty of the proposed framework is therefore not only its ability to
reproduce experimental metal concentration data, but its capability to reveal hidden nonlinear
mechanisms governing water-sediment interactions. By identifying multistability, hysteresis, and
tipping points, the model provides a new perspective for understanding and predicting regime shifts in
aquatic pollution dynamics.

Beyond its theoretical contribution, the proposed nonlinear modeling framework may also have
relevance for sediment remediation. By identifying critical thresholds, bistability, and abrupt changes
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in the equilibrium relationship between metal concentrations in water and sediment, the model
provides insight into conditions under which metal partitioning may shift between alternative
equilibrium states. This information may contribute to the interpretation of sediment stability and metal
mobility, although direct assessment of remobilization would require additional physicochemical,
kinetic, and site-specific data. In this context, the framework may provide a theoretical basis for
evaluating changes in metal partitioning relevant to remediation technologies such as
solidification/stabilization (S/S).

Overall, the results demonstrate that nonlinear bifurcation theory can significantly extend
traditional pollutant transport modeling by revealing hidden multistability, regime shifts, and critical
transition mechanisms in water—sediment metal contamination systems.

7. Conclusion

In this paper, we provide a unified nonlinear framework for describing and predicting tipping
points in sediment contamination dynamics. Unlike conventional linear or purely empirical
approaches, the proposed cubic model captures the nonlinear relationship between metal concentration
in water and sediment, revealing the existence of multiple equilibrium states, bistability, and hysteresis
behavior.

The analysis of Cu and Ni transport demonstrates that the proposed model can accurately
represent experimental observations while providing additional information about the underlying
nonlinear structure of the system. The obtained Ci(I;) response curves exhibit S-shaped behavior
associated with saddle-node bifurcations, where stable and unstable equilibrium branches coexist. The
identified fold points define critical thresholds separating monostable and bistable regimes and
determine the conditions under which abrupt transitions between contamination states may occur.

A key contribution of this study is the demonstration that heavy metal partitioning between water
and sediment is not always a unique and gradual process. Instead, the system may exhibit
multistability, where the same pollution input can correspond to different sediment contamination
levels depending on the previous evolution of the system. This history-dependent behavior provides a
mathematical explanation for possible regime shifts in sediment contamination dynamics.

The bifurcation analysis further identifies critical values of the control parameter p; that mark the
transition between nonlinear regimes with multiple equilibrium states and regimes with a unique
equilibrium response. These critical conditions provide a quantitative measure of the system sensitivity
and indicate the possibility of sudden changes caused by relatively small variations of environmental
parameters.

Although the proposed model is based on an equilibrium formulation and does not describe the
temporal evolution of contamination processes, it provides a valuable theoretical framework for
identifying instability thresholds, hysteresis regions, and potential tipping points. Future developments
should include coupling the present approach with dynamic transport models and incorporating
additional environmental processes such as sediment resuspension, seasonal variability, and chemical
transformation mechanisms.

From an environmental-management perspective, the results provide several practical
implications. First, the calculated fold points can be used as site-specific early-warning thresholds for
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identifying concentration ranges in which the sediment system may become sensitive to abrupt regime
shifts. For the case studies, the Cu bistable interval is 0.27216 < I, < 0.34216, whereas the
corresponding Ni interval is 1.5984 < I; < 18.305. These values should be regarded as model-
derived screening thresholds rather than universal regulatory limits and should be recalibrated when
environmental conditions or sediment characteristics change.

Second, the existence of hysteresis indicates that reducing the external metal input may not
immediately return the sediment to its previous low-contamination state. Consequently, preventive
reduction of pollutant inputs before the upper fold threshold is reached may be more effective than
relying solely on post-transition remediation. The hysteresis width can also be used as a quantitative
indicator of the range of pollution conditions associated with path-dependent sediment behavior.

Finally, the proposed framework can support site-specific watershed monitoring by identifying
concentration ranges that warrant increased attention and preventive action. Its practical value lies in
complementing water-quality standards with nonlinear screening information, while future site-
specific measurements can be used to refine the model parameters and critical thresholds.
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